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CHAPTER 1: OVERVIEW 

1.1. Introduction 

Low mass plays a critical role in space missions. Depending on the area of application, it is 

on average between 10,000 to 20,000 EUR for each kilo of payload to be delivered to space. 

Therefore, structural mass reduction is a matter of a great effort. Carbon composites allow 

decreasing the mass of a structure down by 30 % while retaining the same load carrying 

capacity. All large space agencies, such as ESA for Europe, NASA for the USA or CNSA for 

China, as well as private providers, such as Space-X or Rocket lab, work on the application of 

carbon composites to reduce the transportation costs in future. There is intense competition in 

this field. The early design methods of the spatial single-curvature structures have been utilised 

for decades while enhancing work and recommendations for the design of more complex 

structures and complex use as reusable booster launch. Among restricting boundaries are design 

limit loads that are very sensitive to imperfections and defects, thus there is a clear driving 

factor for delivering a non-destructive actual limiting force prediction ensuring higher accuracy 

and reliability for associated risk assessment. 

The aim of this Thesis is to investigate the prospects of the Vibration Correlation Technique 

method (VCT), which allows prediction of actual critical load levels from certain structures and 

configurations in a non-destructive manner on top of qualification experiments, thus 

contributing to a rising level of safety. 

The principle of VCT method is based on the natural frequency and axial (coaxial) load 

correlation of a structure. It is based on physical phenomena where natural frequency decrease 

correlates with each increment of a load and corresponding structural stress level. Once the load 

reaches the state of buckling, the corresponding natural frequency tends to be equal to a zero 

for column type structures. While during trials, the natural frequency is measured at increasing 

load levels, an extrapolation of the predicted ultimate load may be calculated, without reaching 

the rupture of the structure. Thus, the VCT method may be utilised as an alternative critical 

load estimation approach ensuring additional safety of a structure considering uncertainties 

associated with physical specimen. However, in the case of defect-sensitive shells, as those 

used in space missions, the natural frequency-load interrelation may be highly complex and less 

robust. Empirical formulas have been developed for metallic-isotropic materials to approximate 

the correlation. Nevertheless, these formulas cannot be utilised for the design of anisotropic 

stiffened structures. 

It should be noted that similarities in the philosophy of the VCT method can also be 

observed as natural phenomena. One of the most popular expressions that immediately comes 

to mind is the expression "the calm before the storm". Thus, before a strong hurricane, the sea 

becomes surprisingly calm for a while. Despite the intensifying wind, the surface of the water 

remains even and smooth and there is not the slightest fluctuation on it. Another example of a 

natural phenomenon that "silences" is volcanoes. If an active volcano nearby suddenly kicks up 

its activity with steam, smoke, and belowground rumblings, it obviously is erupting, however. 

Recently researchers have identified that even more dangerous sign is a sudden total silence. 

A team led by researchers at Carnegie Institution of Science has been monitoring the seismic 

activity of more than 50 volcanic explosions in active volcanoes since 2009. At first, they were 
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looking for some pattern in the teeming geological activity before eruptions that could predict 

explosions. The pattern they found was a lack of activity just in the moment right before an 

eruption, volcanoes went suddenly and completely quiet and still. 

Now that they know about this lull before the eruption, researchers hope to work the 

information into pre-eruption warnings. Unfortunately, the time provided would be short. Most 

eruptions had quiet periods of less than 30 minutes, and some had lulls lasting only a few 

minutes. The longest one measured 10 hours, but then it was also followed by the largest 

eruption that researchers had seen. This may be a hint for further VCT evolvement. 

1.2. Rationale 

Over the years, the original NASA design recommendations have been used successfully in 

the design of numerous NASA space vehicles, including the Space Shuttle Solid Rocket 

Boosters (SRB) and External Tank (ET), as well as the Space Launch System (SLS). However, 

it has been shown over time that the Knock Down Factors (KDFs) and recommendations 

provided in the original NASA guideline can result in overly conservative buckling load 

predictions and designs when applied to these modern aerospace structures. This is primarily 

because the lower bound KDFs are comprised of test data from cylinders that were 

manufactured and tested using outdated processes and do not reflect the improvements 

observed in recent testing of modern aerospace-quality shell structures constructed using 

advanced materials and reliable manufacturing processes. In addition, the NASA SP-8007 

original monographs were limited to radius/thickness ratios currently driving design of modern 

structures, such as large integrally machined metallic cylinders or composite cylinders. 

 

 

Fig. 1.1. NASA-SP8007 Knock-Down factor curve (Weingarten, 1968). 

The main objective of the present Thesis is to extend the reliability of the Vibration 

Correlation Technique for assessment of imperfection sensitive composite cylindrical structure. 
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By conducting a largest experimental test campaign dedicated to VCT, a particular research 

aimed to provide a data set for both training and development of surrogate models in 

formulating a parametrical equation. As it was identified up to now, there is a major gap in 

statistically reliable set of experimental data, since the studies like NASA/SP-8007 took place 

in 1968 when composites were neglected. Therefore, assessing of manufacturing signature and 

testing equipment sensitivity was another objective of current research. Besides experimental 

research conducted, numerical simulations by Finite Element Method (FEM) and capacities of 

cloud computing were validated. Therefore, a range of both geometrical and mechanical 

properties has been covered to develop VCT guidelines assured by statistical credibility. In 

order to achieve this, there has been an effort to produce a series of CFRP hollow circular cross 

section columns and cylindrical shells with varying radius/thickness ratios and radius/free 

height (slenderness) ratios including ply lay-up orientation. It should be noted that R/t ratios are 

intentionally foreseen to vary between 100 to 750, while slenderness h/R could vary in the range 

from 8 to 1. With a selected number of lay-ups and boundary conditions, this ensured a 

statistically meaningful test production batch series (DESICOS, 2019) (NASA, 2019) (ESA, 

2019). 

1.3. The research Goals 

Development of methodology to extend the reliability of the vibration correlation technique 

for assessment of imperfection sensitive composite cylindrical structure. 

1.4. Main statement 

The research hypothesis of this thesis was delineated as follows: 

1) the correlation exists between the increment of compression load level and the decrease 

of eigen frequency for cylindrical shells; 

2) the vibration correlation method is applicable for isotropic cylindrical shells as well as 

for orthotropic ones; 

3) the modified Arbelo normalisation method for predicting critical load for cylindrical 

shell by vibration correlation technique is determined with high precision in comparison 

with the classic approach.  

1.5. Scientific novelty 

1. The novelty of the dissertation is the developed new method of experimental data 

normalisation, which is a logical continuation of the Arbelo approach. 

2. A radically new approach has been developed and tested to determine the frequency 

shift under load for cylindrical shells. 

3. The reliability of the vibration correlation technique for assessment of imperfection 

sensitive cylindrical structures has been significantly improved by analysis of results 

from a large number of experiments performed in this research. 

4. Approbation of VCT has been employed for testing of the newest generation space 

launcher structure including a complex load case scenario. 
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1.6. Tasks 

1. To confirm the correlation between the increase in load level and decrease in frequency 

for cylindrical shells. 

2. To validate the VCT method by manufacturing and experimentally testing isotropic and 

orthotropic cylinders in a wide range of R/t and R/h ratios. 

3. To increase the accuracy of critical load prediction by modifying the normalisation of 

experimental data. 

4. To check the opportunities for applying the VCT method for predicting the critical load 

of cylindrical shells like evident geometrical defects or other load cases as internal 

pressure or bending loading. 

5. To approbate the VCT method on real-scale objects. 

1.7. Structure 

Chapter 1: Overview. This chapter describes the scope of the dissertation research. In this 

chapter, the main research hypotheses and the importance of the novelty of research related to 

the VCT method are formulated. A brief description of the structure of the dissertation is also 

presented in this chapter. The list of publications and presentations at international conferences 

is also displayed in this chapter. 
 

Chapter 2: Methodology. This chapter describes the basic factors necessary for successful 

prediction of critical load using the VCT method. Three main stages are outlined. 

2.1. Experimental Data Collection. The experiment procedure is discussed in detail, which, 

in turn, could be divided into two sub-stages. The factors affecting the critical force are 

described. The equipment necessary for critical load prediction using the selected methodology 

is specified, problems faced during VCT data collection are discussed in detail. 

2.2. Data Analysis. This chapter considers the normalisation options of experimental data 

to be applied to prediction of critical load using the VCT method. 

2.3. Vibration Correlation Technique Algorithm. This chapter presents the algorithm for 

taking measurements using the VCT method 
 

Chapter 3: Main results. This chapter represents publications which reflect the main 

results obtained during the research and application of the VCT method. The results are 

published in five cited sources, the total Impact Factor is 25 with a total of 155 (2022/09/01) 

citations in journals indexed in Scopus. 
 

Chapter 4: Final remarks. This chapter represents the main conclusions and discussion of 

the challenges and their solutions with regard to practical application of the VCT method for 

critical load prediction. 

1.8. Publications and approbation 

Main results of the Thesis were summarised in five scientific publications. Results of the 

research were presented at five conferences. 
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CHAPTER 2: METHODOLOGY 

This section represents three main stages necessary for VCT prediction of the critical load: 

o VCT experimental campaign: It is divided into two experimental approaches, which 

are necessary to carry out the prediction by the VCT method. 

o Pre-selection of excitation, field of view of measurements and setting as well as 

other required data for further VCT analysis. 

o Data analysis: This is the process of normalisation of experimental data, calculation 

and prediction of critical force using the method. 

2.1. Experimental data collection 

This section provides a description of the procedures executed during the experimental 

campaign, which can be divided into two main groups: shell buckling tests and experimental 

modal analysis, as shown in Fig. 2.1. 

 

 

Fig. 2.1. Experimental VCT testing – step loading. 

2.1.1. SHELL BUCKLING EXPERIMENTS 

 

The universal quasi-static testing machine is necessary for conducting buckling tests 

(Degenhardt, 2007). The main task of this equipment is to load a sample until the set load is 

reached and to maintain this load over the time while the measurement of cylinder vibrations is 

made (Fig. 2.1). Another important aspect is preliminary determination of basic frequencies 

using a quasi-static testing machine to avoid resonance with the tested sample during testing. 

The opportunity to control the load via travel allows avoiding destruction of the tested piece 

during testing, which is also very relevant in order to be able to conduct a repeated experiment 

on the cylinders made from a composite material (Zimmermann, 2006; Wilckens, 2020).  
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The main machine used in the majority of experiments is the universal quasi-static testing 

machine Zwick 100. This equipment has certain limitations – the maximum diameter of the 

testable cylinder is 500 mm and maximum height is 1000 mm, the load also is limited to 100 kN. 

Boundary conditions can be of two kinds. The first kind includes the boundary conditions 

for fixation of a cylinder in the testing machine. The first experiments were carried out with the 

cylinders placed between two plates. The upper plate was screwed tightly to the testing 

machine, a hemispherical joint was installed on the bottom plate, enabling rotation of the 

supporting plate, thus eliminating bending moments and, hence, promoting self-alignment of 

the cylinder axis with the loading direction, as shown schematically in Fig. 2.2. 

 

Fig. 2.2. Schematic of the setup for compression tests of cylinders, testing using 

a hemispherical joint. 

Due to complexity of hemispherical modelling in the analytical model and the problems 

caused by single-side loading of a cylinder, i.e., at the moment of buckling, the sphere was 

compensating the load and further destruction was localised at the place with the biggest defect. 

In general terms, it was not possible to determine the buckling shapes over the whole surface 

of the cylinder. Thus, changes were made in the boundary conditions. Both the top and bottom 

edges of the shells resting on the respective machine plates were joined to the plates by means 

of potting with a resin/powder filler to eliminate loading imperfections and contact surface 

misalignments. The test set-up contained a shimmed interface at the lower machine plate 

(Fig. 2.3). Shimming was performed by placing very thin sheets of metal between the lower 

loading plate and the load-distributing washer attached to the load frame in order to eliminate 

the small gaps between both surfaces, so that an even distribution of load along the cylinder’s 

circumference was ensured. 
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Fig. 2.3. Schematic of the setup for compression tests of cylinders, testing using the shimming 

of the plate. 

Such an approach to boundary conditions results in dependence on an operator, a person 

who will install a cylinder for testing, and reduces the opportunity for repeatability of result. 

Having analysed the experiments conducted by the partners from DLR, boundary conditions 

were optimised, the bottom plate was bolted to the respective crosshead, as shown in Fig. 4. 

 

 

Fig. 2.4. Schematic of the setup for compression tests of cylinders, testing using the shimming 

of the plate. 

The second kind includes the boundary conditions of the cylinder itself (Lancaster, 2000). 

Edges of the 100-mm-diameter shells were mounted between parallel steel rings, in 8 mm deep 

circular grooves with a V-shaped cross section, which were filled with a mixture of epoxy resin 

and fine sand, as schematically presented in Fig. 2.5 (a). The top and bottom edges of the 100-

mm-diameter shells were both clamped by aluminium rings from the inside and potted with an 

epoxy mortar containing fine sand and slag (Fig. 2.5 (b)). 
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(a) (b) 

Fig. 2.5. Schematic of the mounting of cylinders: (a) in the groove of a steel ring; (b) potting 

onto plates of the test machine. Dimensions in the figure are given in mm. 

The results and impact of these tests will be considered in the next chapter. Optimization of 

boundary conditions was carried out to increase the experimental critical load, as well as to 

simplify the finite element model. Calculation using the finite element method is necessary to 

determine the linear buckling load (Castro, 2014;Wagner, 2017), which further is applied to the 

VCT-based prediction of the critical load. 

2.1.2. THE EXPERIMENTAL MODAL ANALYSIS 

 

The experimental modal analysis (EMA) is the most widely used procedure for such 

investigations (Maia, 1997; Kjær, 2022). It provides the frequency response functions (FRFs) 

of the system using known input excitation forces and the corresponding measured output 

vibrational responses. The experimental equipment for the measurements of vibrations and 

building of shapes of fluctuations is manufactured in a great variety. One the most widespread 

ways to measure vibrations is a vibrosensor – a contact method (ISO7626-2, 2015). 

Measurements are taken in a fixed place, with a vibrosensor installed inside (Zhang, 2008). 

Such an approach is relatively inexpensive, it allows acquiring continuous images of vibrations 

in a temporal response, but it features a range of bottlenecks, such as additional mass on the 

tested item (Wesolowski, 2010). The problem is to acquire the shapes of fluctuations, which 

are needed for control of the classical VCT method. The problem is that it is necessary to 

produce agitation in different pre-set locations, and this results in increased timing for the EMA. 

There are also several different possibilities to start vibrations on a cylinder: piezoelectric 

actuator, modal shaker. All these actuators change boundary conditions and add mass to the 

tested item. Agitation produced by an impact hammer can result in an earlier buckling failure 

of a cylinder as well as increases the time required to acquire fluctuation shapes. Nevertheless, 

all options mentioned above are appropriate for application when there is a clear concept of the 

results to be obtained also within the limited budget. The solution to these problems is to use 

non-contact response transducers (sensing devices). The laser-based optical transducers can 

successfully substitute the traditional piezoelectric type of transducers and eliminate any 

additional mass coming from sensing devices. The most recently useable laser transducers are 

based on the Doppler velocimetry principle and they have attracted attention of many 

researchers dealing with experimental modal analysis. A highly sensitive optical system is 

therefore used for vibration sensing – POLYTEC Scanning Laser Vibrometer system PSV- 400 
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(Theory, 2008; Polytec, Laser Doppler vibrometry, 2022) Later, an opportunity to compare the 

performance of the Laser Vibrometer system PSV-500-3D appeared. Figure 2.6 shows a typical 

VCT set up. 

 

The following parts are involved in the following measurement chain: 

o source of excitation signal (generator); 

o power amplifier; 

o exciter-loudspeaker; 

o vibrometer system PSV-400 and PSV-500-3D; 

o analyser (PC system). 

 

 

Fig. 2.6. Typical VCT test set up. 

SCANNING LASER VIBROMETER: PSV-400 

 

The PSV-400 operates on the Doppler effect measuring frequency changes of the back 

scattered light wave from a vibrating object. If a wave is reflected by the vibrating object and 

detected by the laser vibrometer, the measured frequency shift of the wave can be described as 

 𝛥𝑓 =
2�⃗� ∙𝑒⃗⃗⃗  

𝜆
=

2𝑣

𝜆
cos  𝜃 , (2.1) 

where v is the object’s velocity and λ = 633 nm is the wavelength of the emitted wave. To 

determine the velocity of an object, the Doppler frequency shift has to be measured at a known 

wavelength. This is done by a laser interferometer. 
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Fig. 2.7. Technological background (Polytec, Polytec Scanning Vibrometer, Theory Manual. 

PSV, PSV-3D, MSA/MSV, as of Software 8.5, 2001). 

SCANNING LASER VIBROMETER PSV-500-3D 

 

The main principle of the work of the scanning laser vibrometer PSV-500-3D is also based 

on the Doppler effect (Fig. 2.8). A distance gauge in the main head is an extra, which allows 

changing the object’s geometry; this function was also available earlier, but it was necessary to 

integrate the distance gauge as a separate unit mounted outside the chamber. Scanning of the 

geometry has an accuracy of approximately 1 mm, depending on the quality of the reflected 

surface. The basic characterising features are: 

 

o 3 synchronised laser scanners with the common control; 

o laser beams intersect on the surface; 

o geometry is imported or measured; 

o simultaneous measurement of 3 vibration components; 

o coordinate transformation in object coordinate system. 

 

An additional difference is an opportunity to measure its own point with each head, i.e., to 

acquire three vibro results at a time. Also, only one head may be used for measurements, same 

as with the previous model PSV-400 with the only difference – the geometry data of the scanned 

cylinder will be acquired. 
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Fig. 2.8. Working principle of PSV-500-3D (Polytec, Polytec PSV-E-500 Operating 

Instructions Manual, 2016). 

2.1.3. VIBRATION SPECTRA AND MODES 

 

As it has been mentioned above, the VCT-based prediction needs measurements of the 

natural frequency at a fixed load, i.e., it is necessary to follow up the changes in the natural 

frequency under loading. As far as there are a great number of natural frequencies, the range of 

measurements is the first limitation (Hamidzadeh, 2009). The example of a frequency response 

is given in Fig. 2.9. Frequency peaks of low amplitude at the beginning of the response are 

exactly the natural frequencies of the structure, floors and walls. It is important to keep 

monitoring that during the testing the natural frequency of a cylinder does not approach them. 

After 200 Hz, for this sample, the natural frequencies to be monitored emerge. 

 

 

Fig. 2.9. Frequency response.  
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Every frequency has its shape of fluctuations and it is important to understand that at the 

changes under loading one and the same form of fluctuations is monitored. What kind of 

problems may occur here? There are indeed many bottlenecks. In the ideal world in the case of 

an ideal cylinder, the frequency will have two symmetric shapes of fluctuations. In the world 

of experiments, these shapes of fluctuations will be separated, i.e., will be distant, but it is not 

always the case, as these symmetric shapes also can be absent, see Fig. 2.10 a). In a similar 

manner, due to the vicinity of other shapes of fluctuations, changes in the sequence of shapes 

of fluctuations under loading can occur, which are complicated to monitor only by the 

frequency response (Fig. 2.10 b)).  

 

  
a) b) 

Fig. 2.10. Frequency response with two modes of one frequency. 

Consequently, it is necessary to control the shape of fluctuations and its change under 

loading. 

The following problem is in the fact that the chosen shape of fluctuations can disappear 

under loading, as shown in in Fig. 2.11. The higher the natural frequency, the higher is the 

chance of such an effect; besides, new natural frequencies appear at these high frequencies.  

 

 

Fig. 2.11. Frequency response, example loss and new eigen frequency. 
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Every natural shape of fluctuations has its designation (m, n) – numbers of neutral lines by 

axis х and у. The example of such natural shapes of fluctuations under and without loading is 

shown in Fig. 2.12 (Avieable, 2022). The complexity of calculation of m – the number of 

vertical neutral lines from an experiment – is caused by the number of partial peaks, correlation 

of their surface areas to the total surface area of the cylinder. It is easier to calculate the number 

of horizontal lines n. Using PSV-500-3D, the natural shape of fluctuations can be acquired for 

the whole cylinder over the entire diameter, but the time required for this is disproportionately 

long compared to the benefits that can be gained from the acquired information.  

There is a numerical algorithm based on the modal assurance criterion (MAC) (Pastora, 

2012) used to identify the variation of each vibration mode during axial loading; the MAC index 

performs a comparison between two vectors of the same length and the index returns a value 

close to one if a linear relationship between the two vectors exists and near zero if they are 

linearly independent, which was applied to monitoring of a certain shape of fluctuations of a 

large number of cylinders. The result is available at vct.rtu.lv and published in one of the 

articles. 

Load, 

kN 
Mode f, Hz Mode f, Hz Mode f, Hz 

0.0 

 

211.75 

 

394.25 

 

431.50 

4.96 

 

202.75 

 

378.00 

 

416.75 

Fig. 2.12. Eigen modes without and with load.  

The answer to the first question regarding the parameter to be measured is that the changes 

under loading of the first natural frequency for a certain shape of fluctuations acquired 

experimentally, which manifests itself over the entire range of loading, are measured or, 

actually, monitored. Indeed, it may be observed in the published works that the monitoring was 

performed also for other natural shapes of fluctuations, although it did not bring any significant 

improvement of the result with application of the normalisation technique, which will be 

discussed below. 

The measurements are taken on the surface of the cylinder, as it has been described above, 

every shape has its zero lines, and it is logical that the information acquired from such sectors 

will be of a low quality. The example is shown on the frequency response presented in Fig. 2.13. 
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Fig. 2.13. Frequency response with bad and good measurement points. 

The number of measured points has an impact on the time required to measure modal 

characteristics and accuracy of the shape of fluctuation. One more factor that influences the 

time of experiment is sampling frequency. This factor directly depends on the value of the first 

frequency. The lower the first frequency, the higher sampling frequency is required. A simple 

example may be presented: at ∆𝑓 = 0.25 Hz the measurement must be made in one point at 

(1/∆𝑓) 4 sec. This value should be multiplied by the number of points, adding the time of transit 

from one point to another, adding a repeated measurement if the point differs from others by 

response. This makes the overall time required to measure one position for the VCT prediction. 

Thus, within 10-minute testing, approximately 120 points can be measured from the surface at 

∆𝑓 = 0.25 Hz. The questions whether 120 points are a lot or little and whether 10 minutes is a 

long time arise. There is no single answer to these questions. This parameter depends on the 

size of a tested item and sampling frequency. It is also necessary to account for load relaxation 

during testing, i.e., the load decreases during testing. 

The number of positions is another important factor to measure the natural frequency at 

different loads. It is necessary to determine how close to the value of the experimental critical 

load measurement should be made. At the initial stage of familiarisation with the VCT method, 

measurements were taken at up to 50 % of the experimental critical load. Tolerance of 

prediction of the critical load exceeded 10 %, which was unacceptable. The bottle-neck is that 

before the buckling test, the experimental critical load is unknown. The experiments were 

carried out on the metal cylinders that may not be retested after buckling failure, but the main 

goal of the research was to determine the maximum critical load and to become aware of an 

opportunity to measure the data for the VCT prediction. Later, the testing was carried out on 

the carbonic cylinders appropriate for multiple testing. It has been discovered that the VCT 

method is becoming more precise in predictions of the critical load approaching to the 

experimental critical force in terms of load, as shown in Fig. 2.14, at the experimental critical 

load of 25.04kN. 
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Fig. 2.14. Buckling load prediction using the VCT approach for different loading ranges. 

 

One more important factor to be considered is the first data used in the VCT-based 

prediction at low loading close to 0 kN. It was noticed that during some experiments, frequency 

at loading was higher than that at a lower loading, see Fig. 2.15 for data on Cyl.6N. Besides, 

demonstrative behaviour at the initial stage can be observed in case of Cyl.4N, when abrupt 

decrease of frequency occurs compared to further loading. Such behaviour, most likely, points 

at some problems in the boundary conditions. 

 

 

Fig. 2.15. Anomaly at the initial testing stage. 

2.2. Data analysis 

The concept of relating the buckling load of the structure to the load level in which the 

fundamental natural frequency is zero has been known for more than a century, it is attributed 

to Sommerfeld (Somerfeld, 1905). Nevertheless, only in the 1950s, this concept was first 

considered for estimating the buckling load through a non-destructive experimental procedure 

(Lurie, 1952; Johnson, 1953). The first VCT studies were based on the linear relationship 

between the axial load level and the square of the loaded natural frequency, which can be 

demonstrated for fully simply supported columns, plates (Johnson, 1953), and cylindrical shells 

(Leissa, 1973; Virgin, 2007): 
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𝑓2 + 𝑝 = 1 , (2.2) 

where 𝑓 is the ratio between the loaded natural frequency 𝜔𝑚𝑛 and the unloaded natural 

frequency 𝜔𝑚𝑛, both associated with the same vibration mode defined by axial half-waves 𝑚 

and circumferential waves 𝑛 (for cylindrical shells), and 𝑝 is the ratio between the applied load 

𝑃 and the linearized buckling load 𝑃𝐶𝑅 (from an eigenvalue buckling analysis or theoretical 

buckling equations). 

Based on Eq. (2.2), direct and indirect VCT approaches were proposed throughout the last 

7 decades (Singer, 2002); a complete review of this research effort is available in the quoted 

book. The indirect methods imply assessing the actual boundary conditions through the VCT 

test campaign aiming to update an initial model. This methodology improves the estimation of 

the buckling load; an example of an indirect method based on Eq. (2.2) is found in (Singer, 

1979). The direct methods are based on an experimentally determined functional relationship 

between the applied load and the loaded natural frequency to directly estimate the buckling 

load, see (Radhakrishnan, 1973; Souza, 1983; Arbelo, 2014) among others. 

The classic direct VCT method consists of plotting the characteristic chart f 2 versus p and 

calculating the best-fit linear relationship between the experimental data. In this method, the 

buckling load is extrapolated as the load level associated with zero magnitude of the loaded 

natural frequency (Lurie, 1952; Johnson, 1953; Singer, 2002). Even considering that the linear 

relationship does not hold in the presence of other than fully simply supported boundary 

conditions, the method presented proper estimations for columns with different boundary 

conditions in the experimental campaigns (Lurie, 1952; Burgreen, 1961; Chailleux , 1975). 

Based on the detailed bibliographic review provided in (Singer, 2002), it may be concluded 

that the classic VCT approach applied to plate structures is straightforward in case of 

imperfection-insensitive structures. For examples, Lurie (Lurie, 1952) did not validate it 

considering simply supported flat plates during the 1950s, Chailleux et al. (Chailleux, 1975) 

succeed in estimating the buckling load of simply supported flat plate specimens with small 

imperfections during the 1970s and, recently, Chaves-Vargas et al. (Chaves-Vargas, 2015) 

applied the linear approach for flat carbon fibre-reinforced polymer stiffened plates. 

Different authors proposed modified VCT approaches addressing imperfection-sensitive 

structures like curved panels and cylindrical shells (Singer, 2002). In the 1970s, Radhakrishnan 

(Radhakrishnan, 1973) proposed a method based on the extrapolation of the final linear path of 

the classical characteristic chart to the applied load axis; the author obtained exact results 

considering the last two measured points for tubes made of Hostaphan®. 

Segal (Segal, 1980) investigated 35 existing VCT experiments of stiffened cylindrical 

shells. The author adjusted an optimal parameter 𝑞𝑂𝑃𝑇 to raise the natural frequency 𝐹, in which 

a linear best-fit would lead the load level associated with zero natural frequency magnitude to 

the experimental buckling load: 

𝐹𝑞𝑂𝑃𝑇 = 𝐴 − 𝐵𝑃, (2.3) 

where 𝐴 and 𝐵 are fitting constants.  

A functional relationship between the optimal parameter 𝑞𝑂𝑃𝑇 and the main geometric 

characteristics of stiffened cylindrical shells was proposed. This study achieved a substantial 
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reduction in the scatter of the VCT estimated knock-down factors (KDF) when compared to the 

indirect VCT method based on Eq. (2.2). The same Eq. (2.3) was investigated for upper and 

lower bounds of the optimal parameter 𝑞𝑂𝑃𝑇 and, hence, of the estimated buckling load.  

A novel approach for imperfection-sensitive stiffened cylindrical shells was proposed in 

(Souza, 1983). The authors suggested a modified characteristic chart based on the parametric 

forms (1 –p)2 and 1 – f4, in which a linear relationship is expected, as presented in Fig. 2.16, the 

schematic view of the VCT proposed in (Souza, 1983), that reproduces the results from (Souza, 

1983) for illustrating the VCT. 

 

 

Fig. 2.16. Schematic view of the VCT proposed in (Souza, 1983). 

In this VCT method, the linear relationship is obtained through a best fit procedure and it is 

considered for evaluating the parametric form (1 − 𝑝)2 when the loaded natural frequency is 

zero 1 − 𝑓4 = 1 in the frequency parametric form therefore, the method can be expressed as: 

(1 − 𝑝)2 + (1 − 𝜉2)(1 − 𝑓4) = 1, (2.4) 

where 𝜉2 is the magnitude of (1 − 𝑝)2 when 1 − 𝑓4 equates one and it represents the square of 

the drop of the load-carrying capacity due to initial imperfections. Based on 𝜉2, the VCT 

estimation of the buckling load 𝑃𝑉𝐶𝑇 is: 

𝑃𝑉𝐶𝑇 = 𝑃𝐶𝑅 (1 − √𝜉2). (2.5) 

From Eq. (2.5), the term 1 − √𝜉2 can be considered as an experimental estimation of the 

KDF 𝛾 of conventional sizing approaches (Weingarten, (Revised 1968), 1965). Another method 

considering stiffened cylindrical shells was proposed in (Souza, 1991). The authors 

approximated the classic characteristic chart as a cubic parametric curve. They also suggested 

the Hermite form for defining the parametric equations. The described methods (Souza, 1983; 
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1991) were both validated considering the experimental results of stiffened cylindrical shells 

tested at Technion (Singer, 1980). 

Similarly, the classic characteristic chart was represented by a second-order equation in 

(Abramovich, 2015). The authors adjusted the second-order best-fit relationship applied to 

curved stiffened panels. An assessment of the estimated buckling load accounting for load 

levels up to 50 % of the linear buckling load showed reasonable results. Nevertheless, for 

improving the estimations, the authors suggested load levels near the typical sharp bend of the 

classic characteristic chart. 

In 2014, Arbelo et al. (Arbelo, 2014) modified the work done by Souza et al. (Souza, 1983) 

proposing a novel VCT based on the characteristic chart between the parametric forms (1 – p)2 

and 1 –f 2. The authors empirically verified a second-order relationship as illustrated in Fig. 

2.17, which reproduces the results from (Arbelo, 2014) for a schematic view. 

 

 

Fig. 2.17. Schematic view of the VCT proposed in (Arbelo, 2014). 

The second-order equation is obtained through the best-fit procedure and it is considered to 

evaluate 𝜉2 as the minimum value of the (1 − 𝑝)2 axis. Mathematically, the method is 

formulated as: 

(1 − 𝑝)2 = 𝐶2(1 − 𝑓2)2 + 𝐶1(1 − 𝑓2) + 𝐶0 , (2.6) 

where 𝐴, 𝐵 and 𝐶 are the fitting coefficients and 𝜉2 is calculated as: 

(1 − 𝑝)2  = 𝜉2 = −
𝐵2

4𝐴
+ 𝐶. (2.7) 

The estimated 𝜉2 is considered for the buckling load estimation as presented in Eq. (2.5). It 

is worth mentioning that this method does not depend on the similarities between the buckling 

and the vibration modes but on the effects of the initial imperfections on the loaded frequency 

magnitude. 
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The above-presented method has been validated through 8 experimental campaigns 

(Arbelo, 2015; Kalnins, 2015; Skukis, 2017; Franzoni, 2019; Shahgholian Ghahfarokhi, 2018; 

Labans, 2019; Franzoni, 2019) considering metallic and laminated composite cylindrical shells 

with different design details: unstiffened (Arbelo, 2015; Kalnins, 2015; Skukis, 2017; Franzoni, 

2019), with and without cut-outs (Skukis, 2017), grid-stiffened (Shahgholian Ghahfarokhi, 

2018), with closely-spaced stringers and internal pressure (Labans, 2019), and manufactured 

considering variable angle tow (Franzoni, 2019). 

In 2020, Skukis et al. (Skukis, 2020) modified the work done by Arbelo et al. (Arbelo, 2014) 

proposing a novel VCT based on the characteristic chart between the parametric forms (1 – p)2 

and 1 – f. The authors empirically verified a second-order relationship as illustrated in Fig. 2.17, 

which reproduces the results from (Skukis, 2020) for a schematic view. 

Since the form of the right-hand side of Eq. (2.6) has been arrived at empirically, it appears 

plausible that similar functions with this property can be used to locate the instability onset. An 

empirical modification of Eq. (2.6) employing a second-order polynomial of 1 – f was 

considered: 

(1 − 𝑝)2 = 𝑐2(1 − 𝑓2)2 + 𝑐1(1 − 𝑓) + 𝑐0 . (2.8) 

Then, the minimum value of (1 – p)2 as a function of 1 – f is given by  

𝑑(1 − 𝑝)2

𝑑(1 − 𝑓)
= 2(1 − 𝑝)

𝑑𝑝

𝑑𝑓
 
, 

(2.9) 

i.e., the condition 𝑑𝑝 𝑑𝑓 = 0 holds at the critical load. The relationship is illustrated in Fig. 2.18. 

 

 

Fig. 2.18. Schematic view of the VCT proposed in (Skukis, 2020). 
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2.3. The sequence of vibration correlation technique 

Based on the information presented in this chapter, the algorithm for taking measurements 

using the VCT method has been developed. 

1. To determine critical load 𝑃𝐶𝑅,𝐹𝐸𝑀 and the value of the first natural frequency 

𝑓 𝑃 = 0𝑁,𝐹𝐸𝑀 using the finite element method. The value of critical load is needed for 

the VCT-based prediction of the critical load. The value of the first natural frequency 

acquired using FEM is needed for verification of the computational model with a 

real tested item, as well as for determination of modal parameters of the experiment. 

2. To determine loading step depending on the calculated critical load 𝑃𝐶𝑅,𝐹𝐸𝑀 

specified in Chapter 1. The minimum number of steps for the calculation to predict 

the critical force is 3 qt. ∆𝑃 =
𝑃𝐶𝑅,𝐹𝐸𝑀

𝑛
. My recommendation is to use at least 

n = 10 qt.  

3. To determine the value of the first natural frequency under loading 𝑓 𝑃 = ∆𝑃 using 

the finite element method. 

4. To determine the parameters of the model experiment: 

● Frequency range: 0⋯5 ∙ 𝑓 𝑃 = 0𝑁,𝐹𝐸𝑀 

● Resolution: max ∆𝑓 =
𝑓𝑃 = 𝑂𝑁,𝐹𝐸𝑀 − 𝑓𝑃 = ∆𝑃

2
 

● Scanning point: it should be selected so that the overall time of scanning does 

not exceed 15 minutes or the time set by the commissioner. 

5. To take experimental modal measurements without loading. Compare the acquired 

first natural frequency with the calculated frequency. Make sure that all 

measurements correspond to expected ones and the quality of the acquired shapes 

of fluctuations is appropriate for use. 

6. Two experimental modal measurements under the load equal to ∆𝑓, 2∆𝑓 should be 

taken additionally. This is a mandatory minimum data set to begin the VCT-based 

prediction of the critical load. 

7. To make a VCT-based prediction of the critical load. 

8. If the following changes in the loading step do not exceed the calculated critical load 

Pcr, then increase the load on ΔP and repeat the measurement, otherwise assume that 

the critical force has been determined. 

A schematic representation of the VCT method algorithm is presented in Fig. 2.19. 
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Fig. 2.19. Flowchart of the VCT method. 
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CHAPTER 3: MAIN RESULTS 

Familiarisation and testing for natural frequency decrease under loading in thin-walled 

cylindrical structures by the vibration correlation technique (VCT) was carried out on two 

cylinders. A set of cylinders with the diameter of 300 mm and 500 mm was manufactured, they 

were rolled from ASI 304 0.5 mm thick sheet and then joined by plasma welding. First, the 

experiment was modelled with the finite element method (FEM) code ANSYS. Modelling VCT 

with finite elements can be subdivided into two stages. Initially, the calculation is carried out 

introducing the static load at the axis of the shell and restricting displacements at the other end 

of the shell. At the second stage, the modal analysis of the shell is carried out by accounting the 

shell’s pre-stressed state from the initial analysis. Next, a physical experiment was carried out. 

The detailed results are presented in article by Skukis, E., Kalnins, K., Chate, A. “Preliminary 

assessment of correlation between vibrations and buckling load of stainless-steel cylinders”, 

Shell Structures: Theory and Applications – Proceedings of the 10th SSTA 2013 Conference, 

Volume 3, 2014, pp. 325–328, 10th Jubilee Conference on "Shell Structures: Theory and 

Applications", SSTA 2013, Gdansk, Poland, 16 October 2013.  

The main finding of this paper is the statement that the natural frequency under loading 

decreases for thin-walled cylindrical structures both in the physical experiment and the finite 

element method simulation. 

The following very important step was to enhance the accuracy of critical force prediction. 

Analysis of the research in this field shows that the acquired experimental data should be 

preliminarily normalised. The approach to normalisation suggested by Arbelo is an 

experimental verification of a novel approach using vibration correlation technique for 

prediction of realistic buckling loads of unstiffened cylindrical shells loaded under axial 

compression. Four different test structures were manufactured and loaded up to buckling: two 

composite laminated cylindrical shells and two stainless steel cylinders. In order to characterise 

a relationship with the applied load, the first natural frequency of vibration and mode shape is 

measured during testing using a 3D laser scanner. The proposed vibration correlation technique 

allows predicting the experimental buckling load with a very good approximation without 

actually reaching the instability point. The detailed results are presented in article by Kalnins, 

K., Arbelo, M. A., Ozolin,s O., Skukis, E., Castro, S. G. P., Degenhardt, R., “Experimental non-

destructive test for estimation of buckling load on unstiffened cylindrical shells using vibration 

correlation technique”, Shock and Vibration, Volume 2015, Article ID 729684. 

Based on the experience gained from experiments conducted using the VCT method and 

the opportunity to produce cylinders similar to those used by other researchers, three identical 

cylinders were produced and tested. They were normalised using the method suggested by 

Arbelo. The data acquired within this research are presented in the article by Arbelo, M. A., 

Kalnins, K., Ozolins, O., Skukis, E., Castro, S. G. P., Degenhardt, R., “Experimental and 

numerical estimation of buckling load on unstiffened cylindrical shells using a vibration 

correlation technique”, Thin-Walled Structures, Volume 94, 1 September 2015, pp. 273–279. 

The main finding of this paper is that the first frequency shall be used to ensure the most 

efficient prediction of the critical force. Further, this statement will be disproved, as there are 
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the frequencies, which disappear during the experiment, those may be also the first frequencies, 

depending on the geometry and size of a sample. This is why the first frequencies, which remain 

throughout the VCT testing, should be used. 

The normalisation method suggested by Arbelo is not the only one, its comparison with the 

method suggested by Souza in 1983 is presented in the work by Skukis, E., Ozolins, O., 

Andersons, J., Kalnins, K., Arbelo, M. A., “Experimental Test for Estimation of Buckling Load 

on Unstiffened Cylindrical Shells by Vibration Correlation Technique”, Procedia Engineering, 

Volume 172, 2017, pp. 1023–1030, 12th International Conference Modern Building Materials, 

Structures and Techniques, MBMST 2016, Vilnius, Lithuania, 26 May 2016. 

This paper also presents optimized boundary conditions for experiments. Optimization 

excludes the impact of an operator on the final result. Comparison of the impact of boundary 

conditions is presented in the article by Skukis, E., Ozolins, O., Andersons, J., Kalnins, K., 

Arbelo, M. A., “Applicability of the vibration correlation technique for estimation of the 

buckling load in axial compression of cylindrical isotropic shells with and without circular 

cutouts”, Shock and Vibration, Volume 2017, 29. The main aims of this paper is to test the 

opportunities to predict critical force in cylindrical shells with evident defects. 

The main finding of this paper is the conclusion that the changed boundary conditions 

increase the bearing capacity avoiding deterioration of the accuracy in prediction of critical 

force using the VCT method. This work also represents a simplified and enhanced production 

process of cylindrical shells by replacing a welded joint for an adhesive bond, which also 

increases the bearing capacity by 35 %. Furthermore, same as in the earlier works, the most 

precise prediction is observed within the range close to the critical force. Predictions of the 

critical force with defects require adjustments and, most likely, another approach to predictions 

of the critical force. 

Application of VCT prediction of the critical force for double load caused by inner pressure 

and central compression was tested on an orthotropic cylinder. These results are presented in 

the article by Franzoni, F., Odermann, F., Wilckens, D., Skuķis, E., Kalniņš, K., Arbelo, M. A., 

Degenhardt, R. “Assessing the axial buckling load of a pressurised orthotropic cylindrical shell 

through vibration correlation technique”, Thin-Walled Structures, Volume 137, April 2019, pp. 

353–366.  

The studies on a more advanced method of VCT test data normalisation are partly discussed 

in the paper by Skukis, E., Jekabsons, G., Andersons, J., Ozolins, O., Labans, E., Kalnins, K. 

“Robustness of empirical vibration correlation techniques for predicting the instability of 

unstiffened cylindrical composite shells in axial compression”, Polymers, Volume 12, Issue 12, 

December 2020. This work compares two normalisation techniques: the one suggested by 

Arbelo and the other developed by RTU. 

During the work supported by the grant from the Latvian Council of Science, grant number 

LZP-2018/2-363, a web-site http://vct.rtu.lv/ was designed to report about all testing 

procedures, the technique and the equipment, as well as the test results for 59 cylinders. All 

cylinders were produced of a composite material in three diameters – 100, 300, 500 mm, with 

various heights from 150 mm to 750 mm and two kinds of layering optimised for the maximum 

bearing capacity with 3 and 4 layers, respectively. The data are available at http://vct.rtu.lv/. 

http://vct.rtu.lv/
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A review of the critical force prediction using the VCT method is presented in the work by 

Skukis, E., Kalnins, K., Jekabsons, G., Ozolins, O., “Benchmarking of vibration correlation 

techniques for prediction of buckling load of cylindrical shells”, 16th European Conference on 

Spacecraft Structures, Materials and Environmental Testing (ECSSMET), 2021. 

The process of the implementation of the VCT method is described in Fig. 3.1. 

 

 

Fig. 3.1. The main results of the implementation of the VCT method presented 

in the publications.  
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CHAPTER 4: FINAL REMARKS 

In this final chapter, the main achievements of the Thesis are discussed in Section 4.1, 

whereas Section 4.2 provides critical recommendations and Section 4.3 gives a perspective for 

future research. 

The main work in the presented dissertation can be summarized as follows: 

 

1. As a first step correlation between increment of load level and decrease of frequency 

has been experimentally confirmed for cylindrical shells. This proof of hypothesis 

enabled us to further study the applicability of the VCT method for cylinders with and 

without damage. Nevertheless, initial trials also outlined findings that eigen frequencies 

do not tend to be equal to 0 Hz upon reaching the buckling load level, which requires a 

redefinition of criteria or new solutions for normalisation of correlation assumptions. 

2. In the present research, a total of 76 cylinders were produced and experimentally tested 

using the VCT method. Out of particular test campaigns 17 specimens were isotropic 

while 59 specimens were orthotropic. The dimensional ranges covered R/t ratio 

100…2000, given minimum cylinder diameter is 100 mm, the maximum is 8000 mm. 

Similarly, experimentally assessed series ranges for R/h = (1/1 to 1/4). Minimum height 

is 200 mm, maximum 6000 m. 

3. Five different testing equipment and set-ups have been assessed including 

electromagnetic and hydraulic testing jigs as well as axial compression, axial & bending 

and axial & internal pressure setups. These test series cover four testing laboratories: 

RTU Institute of Materials and Structures, Forest and Wood Products Research and 

Development Institute in Jelgava, DLR Institute of Composite Structures and Adaptive 

Systems in Braunshweig –, and IMA Materialforschung und Anwendungstechnik 

GmbH in Dresden. 

4. Approbation of the VCT method has been demonstrated on a real scale object – the 

cryogen tank of the Ariane-6, the newest generation European launcher during its 

certification testing campaign. Two separate load cases have been investigated and VCT 

applicability approved. Full-scale tests have confirmed requirements and settings for 

frequency measurement resolution, location of measurement equipment and ability for 

seamless integration in certification procedures for full-scale structural tests. 

5. As a benchmark both ANSYS and ABAQUS commercial finite element code 

parametric models have been developed and correlated providing an open source code 

for the research community as a validated benchmark example on an open data web 

portal https://vct.rtu.lv/ansys.html. Numerous boundary conditions, multilayer stacking 

sequence combinations and material models are made available and tested. 

6. It has been confirmed that testing with hydraulic force actuators should be done with 

diligence, as equipment excites a phantom frequency which does not diminish 

throughout load level increment. Therefore, it is very important to isolate the source of 

vibration. 

  

https://vct.rtu.lv/ansys.html
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4.1 Main conclusions 

1. It has been confirmed that a classical approach leading buckling/self-frequency 

correlation to 0 Hz is not valid for composite cylindrical shells. A new normalisation 

approach for VCT prediction originally has been applied and approached by Souze in 

1983. An experimental work has led to contribution of normalisation method also 

referred as Arbelo (2014) and further improvement Skukis (2020) of developed method 

based on statistical dataset approbated during the presented research work. 

 

2. It was found that the prediction accuracy of the buckling load using either VCT 

approach proposed by Arbelo or its empirical modification approach proposed by 

Skukis was virtually insensitive to shell geometry and mounting and loading methods. 

Moreover, the VCT methods also appeared robust with respect to a lack of natural 

frequency data for an unloaded shell caused, e.g., by the need for a preload to reliably 

fix the shell in the test rig. Both VCT methods tended to slightly underestimate the 

critical load for shells with relatively large experimental KDF values, thus providing 

not only close but also conservative estimates of the limit load for high-quality shells. 

 

3. The modified VCT has been demonstrated to be an efficient tool for nondestructive 

prediction of the load-carrying capacity of intact shells. The discrepancy of the predicted 

and experimental critical load of less than about 10 % was attained when the reduction 

of fundamental frequency of a shell was monitored under axial loads in excess of 60 % 

of the buckling load. By contrast, appearance of a local buckling at the cutout, preceding 

the global buckling of a shell, was found to invalidate the considered VCT for shells 

with holes. 

4.2 Critical recommendations 

A testing guidance has been formulated for scaling up vibration correlation technique 

drawing several critical recommendations: 

o A batch of several frequencies should be analysed simultaneously during the load 

application process by monitoring overall frequency shift estimating statistically 

proved dependency. 

o The best structural excitation and frequency response capture for cylindrical 

structures could be realised by loudspeaker localization avoiding contact with the 

testing surface. This reduces both added mass and contact induced frequency mode 

shape divergence compared to other means of excitation. 

o A laser scanning is the best suited method for non-contact frequency and is both 

scalable and time sensitive during a testing campaign. 

o A zero-load level should not be considered, as frequency response may vary 

compared to actual load distribution pattern. Therefore, a load level of 5 % of linear 

buckling load should be considered as a first reference point for estimation of VCT. 
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o Satistical indicators, e.g., modal assurance criteria or modified modal assurance 

criteria, are a must in monitoring of response in order to clear out structural ghost 

frequencies from testing grounds or dissipating and merging of frequencies.  

o A way to visualise experimental progress has been proposed by plotting frequencies 

versus oscillation amplitude intensity, therefore providing a comprehensive 

overview of test campaigns progress. 

4.3 Further outlook 

Several aspects have been identified for further extension of current research: 

o The obtained experimental data set should be further elaborated in development of 

a frequency shift method including application of machine learning processes for 

VCT method, thus determining the unloaded waveforms, the safest state for the 

design and the optimal points for scanning of structural frequencies. It has to be 

done in order to speed up and simplify the testing process and at the same time to 

increase the prediction accuracy. 

o For a practical applicability, a dedicated (vibration sensor + GSM or WiFi module) 

IoT sensor can be developed for monitoring a set critical frequency shift and for 

structural health monitoring. 
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1 INTRODUCTION 

Stability is one of most important failure modes of 
thin-walled structures subjected to compressive load-
ing. In practice it is sufficiently difficult to experi-
mentally determine the buckling load of thin-walled 
structures by exploiting static test methods. Since 
even the smallest amount of imperfection of the 
specimen or boundary conditions can have an appar-
ent impact on the buckling behaviour, thus diverging 
obtained results from theoretical estimates. There is a 
need for an alternative approach in order to deter-
mine buckling loads for such structures.   One of the 
major aspects of non-destructive testing techniques is 
the ability to accurately predict buckling loads with-
out damaging the tested specimen itself. In present 
study the Vibration Correlation Technique (VCT) 
was explored to derive buckling loads for thin-walled 
structures. 
A research by Lurie (Lurie, H., 1950) showed that 
for columns in the form of rigid rectangular frames 
the relationship between the square of the frequency 
and the load is almost linear, and that the extrapo-
lated load corresponding to a zero frequency coin-
cides with the buckling load. In the case of a flat 
plate, tests showed that such linear behaviour may 
not be achieved in physical tests because plate equa-
tions are not valid due to initial curvatures of actual 
plates. More recently (Sukajit, P. & Singhatanadgid, 
P 2007) studied the analytical relationship between 
the buckling and vibration behaviour of thin plate. 
The relationship between applied in-plane load and 
the natural frequency of plates were derived from the 
differential governing equations of both problems. 
The relationship (the square of the natural frequency 
is linearly related to the applied load) was verified by 
applying the Ritz method. Research has been ex-
tended (Singhatanadgid, P. & Sukajit 2011) in the 
form of modal test series by employing VCT. A set 

of rectangular plates has been tested for natural fre-
quencies by utilizing an impact test method. The 
measured buckling load was determined from the 
plot of square of the measured natural frequency ver-
sus an in plane load (tensile). The buckling loads 
from the measured vibration data come to good 
agreement with the numerical solutions. Souza and 
Assaid (Souza, M. A. & Assaid, L. 1991), Abramo-
vich and Singer (Abramovich, H. & Singer, J. 1978) 
and Singer and Abramovich (Singer, J. & Abramo-
vich, H. 1979) have extended the VCT approach to 
thin wall shell structures. Singer, Arbocz and Weller 
provided the most detailed descriptions about the ap-
plication of VCT for non-destructive buckling testing 
of the thin-walled cylindrical structures. 

2 VIBRATION CORRELATION TECHNIQUES. 

The VCT method is aimed to reduce the scatter in 
prediction of buckling loads for thin-walled shells. 
This approach determines the real natural frequencies 
of the in-situ shell as a function of the applied axial 
load. Nevertheless, it hasn`t been fully exploited so 
far as it requires implementation of both destructive 
and non-destructive testing means as well as high – 
fidelity measurements.  
Both theoretical and experimental research reported 
in the literature had shown that in some cases a linear 
descending relationship may be observed. Thus this 
relationship can be expressed as 

  1
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P m

cr

 (1) 

where P is the applied load, Pcr is the buckling 
load, f0 is the frequency without any load applied, 
and fm is the frequency at load prestress state P. The 
above equation states that for structure reaching the 
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buckling load level the natural frequency of the struc-
ture (fm) would become zero (see Fig. 1).  
 

 

Figure 1. Relationship between dimensionless squared fre-

quency and buckling load. 

3 MATERIALS AND METHODS 

3.1 Test specimens 

For current study two thin-walled stainless steel cyl-
inders with the following geometrical and material 
characteristics were selected: 
- 1st cylinder (D300): the cylinder length was 400 
mm; the cylinder radius was 150 mm; 
- 2

nd
 cylinder (D500): the cylinder was 500 mm in 

length; the cylinder radius was 250mm. 
Both cylinders share the same characteristics: the 
thickness of both cylinders was 0.5 mm, Young's 
modulus 204 GPa, Poisson’s ratio of 0.3, material 
density 8000 kg/m

3
 were considered. The shells, 

which are pinned in both ends, are examined in this 
study. 

3.2 Finite element analysis 

All numerical calculation has been performed em-
ploying the finite element method (FEM) code AN-
SYS. A SHELL281 8-node finite element has been se-
lected for the current study, which is suitable for 
analysis of thin to moderately-thick shell structures. 
The element has eight nodes with six degrees of free-
dom at each node. 

Modelling VCT with finite elements (see Fig.2) can 

be subdivided into two stages. Initially, the calcula-

tion is carried out as static load introduced at the axis 

of the shell and restricting displacements at other end 

of the shell. At the second stage the shell modal 

analysis is carried out, by accounting the shell̀ s pre-

stressed state from initial analysis. 
Typical mode shapes, which were obtained during 
the modal analysis, are shown for 1

st
 cylinder in Fig. 

3 (shell D300). Where index m corresponds to the 
number of half waves in the longitudinal direction 
and n indicates the half waves in the radial direction. 

The obtained relationship between the compressive 

load and the appropriate shell natural vibration fre-

quencies square is displayed in Fig. 4 (shell D300) 

and in Fig. 6 (shell D500). As one may observe from 

derived graphs, both the VCT and FEM approaches 

tend to result in, similar buckling load level Pcr=220 

kN for both shells. Nevertheless, each cylinder has its 

unique natural frequency level. Moreover, in addition 

a non-linear postbuckling FEM analysis (see Fig. 5) 

has been performed applying side perturbation load 

at different load levels. In these analyses the buckling 

load level may reach up to Pcr= 200 kN, however 

even with slight side load the buckling load of the 

shell may decrease by 40%.  
 

 
Figure 2. Specimen geometrical variables and test set-up 
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Figure 3. Finite element model (mode shapes) for shell D300. 
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Figure 4. VCT analytical experiments on cylinder (D300). 
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Figure 5. Postbuckling analytical experiment on cylinder 

(D300). 
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Figure 6. VCT correlation obtained with FE analysis of 

(D500) cylinder. 

3.3 Experimental Modal Analysis 

For the purpose of the experiment the testing equip-
ment Zwick Z100 and vibrometer Polytech PSV-400 
have been employed for current research. The PSV-
400 vibrometer is a laser-based measurement tool for 
non-contact measurements, visualization and analysis 
of structural vibrations. In a modal test entire sur-
faces can be scanned and probed automatically by 
applying flexible and interactive measurement grids. 
Moreover, measurements can be made over a wide 
frequency bandwidth. Excitation of the structure has 
been introduced by software controllable shaker or 
loudspeaker, depending on the structure stiffness. 
Structural responses has been captured by a laser vi-
brometer and converted to graphical mode shapes for 
visual matching with FEM eigenmode results. 
Experimental procedure has been performed in a fol-

lowing sequence of steps. Initially, the cylinder struc-

ture has been pinned in testing support plates with 

spherical support and preloaded to the load level of 

1kN. Thus assuring that natural frequency mode cor-

responding to the boundary conditions as determined 

from FE analysis. Then the load level has been in-

creased by 20kN step with corresponding natural 

frequency measurement. These steps have been re-

peated on different cylinders and varying the vibra-

tion excitation means. The experimental set-up of 

VCT is shown in Fig. 7 where the numbers indicate 

the following items: 1) test sample; 2) Zwick Z100 

testing equipment; 3) Polytech PSV-400 modal vi-

brometer; 4) modal data controller; 5) light source; 

6) tested specimen; 7) spherical support.  
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Figure 7. Experimental VCT set-up at Riga Technical Univer-
sity, Institute of Materials and Structures. 

 

Obtained preliminary results – pre-stress load level 
with corresponding modes have been summarised for 
the cylinders D300 (see Fig.8) and D500 (see Fig.9). 
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Figure 8. VCT graph with natural frequency modal shapes on 
cylinder (D300). 

4 RESULTS 

Obtained results from numerical eigenfrequencies 
confirm expected correlation between the natural 
frequency shifts towards the zero once it has been 
axially loaded up to the buckling of the structure. 
Even though vibration correlation technique is not 
limited to the only first eigenfrequency in numerical 
and experimental results was particularly difficult to 
follow the initial mode shape as due pre-stress a 
mode shift may cause merging even an additional lo-
cal mode development. Therefore, a particular atten-
tion was given to follow the same mode pattern with 
corresponding half-waves in longitudinal and radial 
directions.  Moreover, from a non-linear buckling 
analysis with minor perturbation load it has been 
identified that buckling load is neither robust nor as-
sociated with the only one mode shape. Therefore, 
buckling load should be correlated with both vibra-
tion modes having longitudinal half waves m=2 and 
m=1. 
Furthermore experimental natural frequency meas-
urements have been plotted and buckling load deter-
mined by linear regression as shown in Fig.8. As it 
has been suggested by on other researcher in litera-
ture a different regression models have been exam-
ined in order to assess the robustness of a correlation 
approach as outlined in Figure 9. One may see that at 
least a second order polynomial function would be 
the most suitable for a more reliable determination of 



 

experimental buckling load. However, function type 
and corresponding coefficient should be further 
elaborated in more detail once the number of samples 
would be sufficient to allow the test sample to 
buckle. For preliminary analysis cylinders were not 
subjected to buckling due to the limit load stress level 
close to the plasticity of stainless steel.   
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Figure 9. Extrapolation of VCT versus physical experiments of 
cylinder (D500) 

 

It should be noted that for the improvement of reli-
ability of vibration tests some further considerations 
should be taken. For vibration excitation a contact-
less means should be considered as loudspeaker our 
micro fibre composite actuators as even few newton 
perturbation load levels can cause mode shift and de-
crease of the buckling load in the imperfection-
sensitive cylindrical structure. For samples with small 
a diameter, a 2D measurement of natural frequency 
modes causing significant scatter. Moreover, some 
load relaxation can be observed and this issue should 
be addressed during further studies. These are just of 
a few considerations for further experimental and 
numerical study of vibration correlation technique 
applicability on isotropic and orthotropic cylindrical 
shells. 

5 CONCLUSIONS 

It has been demonstrated from preliminary analysis 
that vibration correlation technique may be success-
fully applied for determination of buckling load of 
axially compressed cylindrical structures. Moreover a 
non-destructive control may be stated as main advan-
tage of this method as it provides the opportunity of 
suspending the loss of shell stability during physical 

experiment as well as it provides possibility to assess 
the level of pre-stress or even to determine the shell 
load carrying capacity. A further quantitative study 
would evaluate reliability of this approach as it re-
quires a series of specimens loaded to the highest 
stress/strain level. 
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Nondestructive methods, to calculate the buckling load of imperfection sensitive thin-walled structures, such as large-scale
aerospace structures, are one of the most important techniques for the evaluation of new structures and validation of numerical
models. The vibration correlation technique (VCT) allows determining the buckling load for several types of structures without
reaching the instability point, but this technique is still under development for thin-walled plates and shells. This paper presents
and discusses an experimental verification of a novel approach using vibration correlation technique for the prediction of realistic
buckling loads of unstiffened cylindrical shells loaded under axial compression. Four different test structures were manufactured
and loaded up to buckling: two composite laminated cylindrical shells and two stainless steel cylinders. In order to characterize a
relationship with the applied load, the first natural frequency of vibration and mode shape is measured during testing using a 3D
laser scanner. The proposed vibration correlation technique allows one to predict the experimental buckling load with a very good
approximation without actually reaching the instability point. Additional experimental tests and numerical models are currently
under development to further validate the proposed approach for composite and metallic conical structures.

1. Introduction

Southwell [1] proposed one of the first nondestructive meth-
ods to predict the buckling load of simple structures such as
slender beams, which was modified by Galletly and Reynolds
[2] in order to be applicable for stiffened cylindrical shells.
Themain disadvantage of the latter is the need of high applied
loads, close to the onset of buckling, in order to provide a
reliable prediction of the buckling load.

Vibration correlation methods can also be used as a
nondestructive technique. The concept of relating vibration
characteristics to buckling loads was considered at the begin-
ning of the 20th century for Sommerfeld, 1905 [3], but only
in the 50s some experimental investigations were conducted
by Chu, 1949 [4], Lurie, 1952 [5], and Meier, 1953 [6], among

others. A very detailed review of the theory, application,
experimental setup, and results of the vibration correlation
technique (VCT) approach on different structures can be
found in the work of Singer et al. [7] (Chapter 15).

For a better understanding of the applications of VCT
on plates and shells it is important to classify the method
according to its purpose: (1) determination of actual bound-
ary conditions for numerical calculation purposes; (2) direct
estimation of buckling load. This paper deals with the direct
determination of the buckling load on cylindrical shells.

There is no established procedure about how to apply
the VCT for unstiffened cylindrical shells, commonly used in
space applications for launcher structures. This type of struc-
ture is usually associated with a high imperfection sensitivity,
requiring the application of empirical guidelines in order
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2 Shock and Vibration

Table 1: Geometric parameters for tested cylinders.

R15 Z37 SST-1 SST-2
Free length (𝐿) [mm] 500 800 500 800
Radius (𝑅) [mm] 250 400 250 400
Thickness (𝑡) [mm] 0.523 0.785 0.5 0.5
Layup [in-out] [(±24∘)/(±41∘)] ± 1∘ [(±34∘)/0

2

/(±53∘)] ± 1∘

to calculate the design buckling load, currently leading to
conservative estimations (Degenhardt et al., 2010 [8]). Skukis
et al., 2013 [9], presented a preliminary assessment correlating
the vibration modes with the buckling load of stainless steel
cylinders. If a relationship between the buckling load and
the variation of the natural frequencies of vibration exists,
it is possible to use the VCT as a nondestructive technique
for estimating the real knockdown factor of space structures.
Moreover, for this type of structures, there is a remarkable
influence of the boundary conditions on the buckling load
(see Zimmermann, 1996 [10], and Hühne et al., 2002 [11]),
where the VCT could be used for a better characterization of
the actual boundary conditions in order to provide reliable
data for numerical simulation, such as finite element models
(see Hilburger et al., 2004 [12], Degenhardt et al., 2008 [13],
and Degenhardt et al., 2010 [8]).

Recent efforts to improve the work done so far on the
VCT field are presented by Jansen et al., 2014 [14], where
new semianalytical tools are introduced to extend the existing
semiempirical VCT for shells, considering both the nonlinear
effect of the static state and the nonlinear effect of the
geometric imperfections.

The current paper will present and discuss an experimen-
tal verification of a new VCT approach presented by Arbelo
et al., 2014 [15]. This approach is based on the observations
made by Souza et al., 1983 [16]. The original approach
proposed by Souza is a linear fit between (1−𝑝)2 and (1−𝑓4),
where 𝑝 = (𝑃/𝑃cr) and 𝑓 = (𝑓𝑚/𝑓0); 𝑃 is the applied axial
load, 𝑃cr is the critical buckling load for a perfect shell, 𝑓

𝑚

is the measured frequency at 𝑃 load, and 𝑓
0
is the natural

frequency of the unloaded shell. Souza states that the value
of (1 − 𝑝)2 corresponding to (1 − 𝑓4) = 1 would represent the
square of the drop of the load carrying capacity (𝜉2), due to
the initial imperfections. However, if this approach is applied
to unstiffened cylindrical shells, the results will be negative
values of the drop of the load carrying capacity (𝜉2), which
does not have a coherent physical meaning (see Arbelo et al.,
2014 [15]).

Instead of plotting (1 − 𝑝)2 versus (1 − 𝑓4), Arbelo
proposed to plot (1 − 𝑝)2 versus (1 − 𝑓2) and represented
the points by a second-order fitting curve. Therefore, the
minimumvalue of (1−𝑝)2 obtained using this approximation
represents the square of the knockdown of the load carrying
capacity (𝜉2) for unstiffened cylindrical shells. Then, the
buckling load can be estimate by

𝑃imperfect = 𝑃cr (1−√𝜉2) . (1)

For the validation of the proposed empirical VCT
approach, this paper presents four experimental tests

conducted on composite and metallic unstiffened cylinders
with clamped boundary conditions. The applied load and
the first natural frequency of vibration and mode shape are
measured and correlated. The initial geometric imperfection
shape of each cylinder is measured using a 3D noncontact
laser scan.

The main goal on this work is to compare the predicted
buckling load versus the real buckling loadmeasured on sam-
ples with different materials, geometries (radius, thickness,
and height) and fabrication technologies. More details about
each study case are given in the following section.

2. Experimental Test: Materials and Methods

2.1. Test Specimen: Overview. Two laminated composites and
two stainless steel cylindrical shells are fabricated and tested.
Details of each specimen are described in the following.

2.1.1. Composite Cylindrical Shell “R15” with 𝑅/𝑡 = 478.
The R15 cylinder is fabricated at RTU by hand-layup, using
4 plies of unidirectional (UD) carbon fiber prepreg Hexcel
IM7/8552, and cured out of autoclave. The geometry and
layup are presented in Table 1. The material properties were
measured according to the ASTM D3039 [17], D3410 [18],
andD3518 [19] standards for tension, compression, and shear,
respectively. The results are presented in Table 2, where 𝐸𝑗

𝑖

is
the elastic modulus along the fiber direction (𝑖 = 1) or matrix
direction (𝑖 = 2) in tension (𝑗 = 𝑇) or compression (𝑗 = 𝐶).
𝐺
12
is the shear modulus and V

12
is the Poisson ratio. 𝑆𝑗

𝑖

is the
maximum strength along the fiber direction (𝑖 = 1) or matrix
direction (𝑖 = 2) in tension (𝑗 = 𝑇) or compression (𝑗 = 𝐶).
𝑆
12
is the shear strength. t-ply is the ply thickness.
After fabrication the top and bottom edges are trimmed

and clamped using a resin potting and metallic rings. The
final radius over thickness (𝑅/𝑡) ratio is about 478.

2.1.2. Composite Cylindrical Shell “Z37” with 𝑅/𝑡 = 510. The
Z37 cylinder is fabricated at DLR-Braunschweig by hand-
layup, using 6 plies of the same unidirectional (UD) carbon
fiber prepreg Hexcel IM7/8552. The geometry and layup are
presented in Table 1. This cylinder is clamped on both ends
using a sand-resin concrete and the final 𝑅/𝑡 radius is about
510.

2.1.3. Stainless Steel Cylindrical Shell “SST-1” with 𝑅/𝑡 = 500.
The stainless steel cylinder SST-1 is manufactured and tested
at RTU. The cylinder is manufactured from a flat plate of
AISI 304 stainless steel, rolled up to the desired curvature,
and closed forming a top joint which is laser-welded. The
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RTU-R15 cylinder DLR-Z37 cylinder 

RTU-SST-1 cylinder (one welding line) RTU-SST-2 cylinder (two welding lines) 

Figure 1: Overview of tested cylindrical shells.

geometric parameters are presented in Table 1. The material
properties are detailed in Table 3, where 𝑆

𝑌
is the yield

strength and 𝑆
𝑈
is the ultimate strength.

The laser welding technique used to join both ends of the
specimen generates a characteristic imperfection signature,
not observed on the composite specimens, which is discussed
in the next sections.

After fabrication, the top and bottom edges are clamped
using a resin potting supported by metallic rings.

2.1.4. Stainless Steel Cylindrical Shell “SST-2” with 𝑅/𝑡 = 800.
The stainless steel cylinder SST-2 is also manufactured and
tested at RTU. The cylinder is manufactured from two flat
plates of the same AISI 304 stainless steel material used on
SST-1, rolled up to the desired curvature, and closed using
laser welding between the ends. In this case, each plate is half
of the cylinder’s perimeter long, resulting in a symmetrical
imperfection signature due to the two welding lines. The
geometric parameters are presented in Table 1.

Figure 1 shows a general view of each tested specimen.

2.2. Characterization of Initial Geometric Imperfection. A
laser scan (Panasonic HL-G1 sensor) is used to measure the
geometric imperfection on the inner surface of R15, SST-
1, and SST-2 cylinders at RTU. The laser scan is controlled

Table 2: Measured material properties of UD prepreg Hexcel
IM7/8552.

Mean value Std. deviation [%]
𝐸
1

𝑇 171.5 GPa 2.6
𝐸
1

𝐶 150.2 GPa 4.6
𝐸
2

𝑇 8.9 GPa 4.2
𝐸
2

𝐶 9.4 GPa 10.9
𝐺
12

5.1 GPa 7.8
V
12

0.32 13
𝑆
1

𝑇 2300 MPa 13.8
𝑆
1

𝐶 857 MPa 10.1
𝑆
2

𝑇 40 MPa 20.4
𝑆
2

𝐶 203 MPa 3.9
𝑆
12

51 MPa 8.4
𝑡-ply 0.125 mm

using an in-house software and the acquired data is exported
in real time to a plain text file for further analysis and
postprocessing.

For Z37 cylinder DLR uses ATOS 3D measurement
system in order to characterize the initial geometric imper-
fections from the outer surface.
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RTU-R15 initial geometric imperfection 
measured on the inner surface (mm)

DLR-Z37 initial geometric imperfection 
measured on the outer surface (mm)

RTU-SST-1 initial geometric imperfection 
measured on the inner surface (mm)

RTU-SST-2 initial geometric imperfection 
measured on the inner surface (mm)

RTU-R15 initial geometric imperfection
measured on the inner surface (mm)

DLR-Z37 initial geometric imperfection 
measured on the outer surface (mm)
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Figure 2: Initial geometric imperfection on the studied cylinders.

Figure 3: Boundary conditions on top and bottom edges.

For all cases the best-fit-cylinder algorithm is applied
afterwards over the raw data to eliminate the rigid body
motion modes from the measurements. The results are pre-
sented in Figure 2, where the imperfection pattern generated
by the welding process on SST-1 and SST-2 cylinders can be
seen.

2.3. Experimental Test Setup and Boundary Conditions.
Because the tests are performed using different testing
machines and laboratories (RTU and DLR facilities), the
boundary conditions and test setups vary between the stud-
ied cases, allowing the authors to verify the robustness of

Table 3: Material properties of AISI 304 stainless steel.

𝐸 193 GPa
𝐺 77 GPa
V 0.29
𝑆
𝑌

215 MPa
𝑆
𝑈

505 MPa

the proposed VCT approach. In general, the top and bottom
cylinder edges are clamped for all cases using a resin potting
that is 25mm height for RTU and 20mm for DLR cylinders,
together with metallic rings placed at the inner face, as
presented in Figure 3. For testing, each cylinder is placed
between two metallic plates and glued with epoxy resin. For
R15, SST-1, and SST-2 a spherical joint is placed between the
crosshead of the testing machine and the loading plate, in
order to avoid bending moments (see Figures 4 and 5). DLR
test setup for Z37 cylinder uses special loading tables that
can be adjusted in order to avoid loading imperfection and
bending introduction along the cylinder edges (see Figure 6).

The compression tests for R15 and SST-1 cylindrical shells
are performed using a Zwick 100 kN testingmachine. Because
SST-2 is too large to be fitted on the samemachine, an Instron
SATEC 600 kN testing machine is used in this case. Z37
cylinder is tested at DLR, using its own hydraulic testing
machine. In all cases the compressive load is measured using
a load cell and it is applied using displacement control at a
constant velocity of 0.5mm/min.
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Figure 4: Experimental test setup for compressive loading on R15
and SST-1 cylindrical shells (RTU).

Figure 5: Experimental test setup for compressive loading on SST-2
cylindrical shell (RTU).

For the composite cylindrical shells R15 andZ37 two types
of tests are carried out in order to verify the proposed VCT
approach. First, the cylinder is loaded in compression up to
buckling. Notice that the cylinders are designed to buckle in
the elastic regime in order to minimize accumulated damage
during repeated tests. Once the onset of buckling is found,
a second test is performed using a Polytec laser vibrometer
to characterize the first natural frequency of vibration and
mode shape for different values of applied compressive load,
below the onset of buckling. For this test, the cylinder surface
is excited with a periodic chirp signal using a loudspeaker
placed perpendicularly to the cylinder’s surface and the laser
is positioned in a rectangular grid of points in order to map
the vibration mode for the whole signal spectrum.

The stainless steel cylinders SST-1 and SST-2 must be
tested following a different approach. Since the buckling
event will produce plastic deformation, no further test can be

Figure 6: Experimental test setup for compressive loading on Z37
cylindrical shell (DLR).

Table 4: Experimental buckling load of tested cylinders.

Cylinder Experimental buckling load [kN]
R15 24.2
Z37 59.0
SST-1 70.2
SST-2 49.9

carried out once the onset of buckling is reached. For these
cases the compressive load is applied in small increments and
the frequencies and vibration modes are measured using the
laser vibrometer. This procedure is followed up to buckling,
when the structure collapses and is no longer useful.

2.4. Experimental Results. The buckling load obtained for
each tested cylinder is summarized in Table 4.

The variation of the first natural frequency of vibration
measured on each cylinder is presented in Table 5. Addi-
tionally, for the SST-2 cylinder, the second vibration mode
is measured (see Table 6) in order to compare the predicted
buckling load with the one obtained using the variation of the
first vibrationmode. An example of the vibrationmode shape
obtained from the laser vibrometer and overlaid on top of the
test specimen Z37 is shown in Figure 7.

3. Validation of the Proposed VCT Approach

In order to predict the onset of buckling following the
proposed VCT approach, first presented by Arbelo et al. [15],
one needs to know the evolution of the first vibration mode
with a growing axial compression on the prebuckling regime,
as presented in the previous section, and the critical buckling
load of the perfect cylinder (𝑃cr). The latter can be obtained
through a linear eigenvalue analysis of a simple finite element
model.

For the present study, the finite element model (FEM)
is generated using Abaqus. For all four cylinders the
mesh adopted after the convergence analysis uses 160 S8R5
[20] square elements distributed along the circumference.
The critical buckling loads obtained for a perfect cylindrical
shell with the layup, dimensions, materials properties, and



6 Shock and Vibration

Table 5: Variation of the 1st vibration frequency with the applied load.

R15 cylinder Z37 cylinder SST-1 cylinder SST-2 cylinder
Compressive
load [kN]

1st vibration
mode [Hz]

Compressive
load [kN]

1st vibration
mode [Hz]

Compressive
load [kN]

1st vibration
mode [Hz]

Compressive
load [kN]

1st vibration
mode [Hz]

0.09 216.75 0 152.5 0 232.75 0 117.5
2.18 212.25 1.2 151.5 4.94 231.75 5.2 116.5
4.16 208 10.2 148.75 10.02 230.5 10.22 115.25
6.16 203.5 20.2 143 20.05 226.5 15.24 113.75
8.2 198.75 30.2 137.25 30.1 222.5 20.24 112.5
10.55 193.5 40.2 130.75 40.04 218.5 24.97 110
12.77 188.25 50.2 123.25 50.2 213.5 30.24 109.75
15 182.75 55.2 119 55.07 211 35.23 107.25
17.57 175.5 58.2 115.5 60.25 208 40.22 106.5
19.42 170 45.23 102.5
20.63 166.25
22.4 159.75

Table 6: Variation of the 2nd vibration frequency with the applied
load on the SST-2 cylinder.

SST-2 cylinder
Compressive load [kN] 1st vibration mode [Hz]
0 122
5.2 121.25
10.22 120.25
15.24 119.25
20.24 118.25
24.97 117
30.24 114.75
35.23 113.25
40.22 112.25
45.23 109.75

Table 7: Critical buckling load of tested cylinders.

Cylinder Critical buckling load [kN]
R15 35.1
Z37 89.8
SST-1 183.1
SST-2 183.1

boundary conditions used on the studied cases are summa-
rized in Table 7.

The proposed VCT approach can be plotted in function
of the dimensionless parameters (1 − 𝑝)2 versus (1 − 𝑓2), as
shown in Figure 8, for each study case.

The minimum value of (1 − 𝑝)2 obtained using this
approximation represents the square of the drop of the load
carrying capacity (𝜉2). Using (1), the predicted buckling load
obtained from the proposed VCT approach for each case is
presented in Table 8. A very good correlation can be noticed
with the experimental buckling loadmeasured during testing

Table 8: Buckling load prediction using the VCT approach for the
different studied cases.

Cylinder Predicted buckling load
using VCT [kN]

Deviation from
experimental results [%]

R15 26.62 10
Z37 58.41 1
SST-1 70.2 0
SST-2 52.5 5

(see Table 4), with less than 10% of deviation (in most of the
studied cases the deviation is lower than 5%).

Additional studies are carried out for the SST-2 structure,
where the proposed VCT approach is applied using the sec-
ond vibration mode. The predicted buckling load in this case
is 47.96 kN, with a deviation of 3.9% from the experimental
results. It must be mentioned that this result correlates better
than the original approach, where the first vibration mode
is used (see Table 8). Another important observation is that
using the second vibration mode makes the proposed VCT
approach more conservative.

The predicted buckling load for R15 cylinder presents
a fairly good correlation, despite being clearly not as good
as the other studied cases. The authors found out that the
load around the top and bottom edges was not evenly
distributed along the circumference during testing. In this
way, the vibration analysis can give nonconservative results
depending on the relative position of the laser scan and
the measured surface region. Further studies are currently
being conducted in order to quantify a relationship between
the initial loading imperfection around the edges and the
buckling loads predicted using the VCT.

Furthermore, it is interesting to investigate the minimum
threshold of compressive load needed to achieve a good
correlation with the proposed VCT approach, with less
than 10% deviation from the experimental buckling load.
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Table 9: Buckling load prediction using the VCT approach for different loading ranges on Z37 cylinder.

Max. load used for VCT
[% of experimental buckling load] Predicted buckling load using VCT [kN] Deviation from experimental results

[%]
98.6% 58.41 1
93.6% 56.58 4.1
85.1% 53.19 9.8
68.1% 45.35 23.1 (fail)

Table 10: Buckling load prediction using the VCT approach for different loading ranges on SST-1 cylinder.

Max. load used for VCT
[% of experimental buckling load] Predicted buckling load using VCT [kN] Deviation from experimental results

[%]
85.8% 70.22 0
78.4% 67.11 4.4
71.5% 63.34 9.8
57% 53.74 23.4 (fail)

Figure 7: Fist vibrationmode shapemeasured during testing (DLR-
Z37).
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𝜉2SST-2

𝜉2SST-1
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Figure 8: Plot of (1 − 𝑝)2 versus (1 − 𝑓2) and 2nd-order fit for each
tested cylinder.

Tables 9–11 present the VCT results obtained for Z37, SST-
1, and SST-2 cylinders, using different ranges of applied load
(always starting from the unloaded state).

It is clear that the correlation degrades when the maxi-
mum load is lower than 70% of the buckling load.

From these results one concludes that the present
approach could be applied as an experimental nondestruc-
tive method to estimate the buckling load on unstiffened
cylindrical shells loaded in compression. In addition, the
authors recommend monitoring also the second vibration
mode during the vibration tests, since a better correlation
has been found for SST-2 cylinder using the second vibra-
tion mode. Further experimental investigations are being
addressed by the authors in order to verify the proposed VCT
approach for cylindrical shells with different levels of loading
imperfections and initial geometric imperfections.

4. Summary and Concluding Remarks

In this paper a validation of a novel empirical approach
using the vibration correlation technique as a nondestruc-
tive method to estimate the buckling load of unstiffened
cylindrical shells is presented. Four tests are carried out in
order to verify the robustness of the proposed approach for
different structures under different test setups. The material
properties and initial geometric imperfections are measured
using state-of-the-art techniques. The variation of the first
natural frequency of vibration with the applied compressive
load on four cylindrical shells ismeasured up to buckling.The
proposed approach presents a very good correlationwhen the
maximum load adopted in the VCT is higher than 80% of the
buckling load obtained with tests. If no failure occurs at this
maximum load, the proposed approach characterizes a truly
nondestructive methodology. Furthermore, it is observed
that the use of the second vibration mode for the estimation
of the buckling load can provide better predictions in some
cases. Therefore, the authors recommend monitoring the
evolution of the first and second vibration modes with the
increase of the compressive load.
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Table 11: Buckling load prediction using the VCT approach for different loading ranges on SST-2 cylinder (second vibration mode).

Max. load used for VCT
[% of experimental buckling load] Predicted buckling load using VCT [kN] Deviation from experimental results [%]

90.6% 47.96 3.9
80.6% 42.77 14.3 (fail)
70.6% 36.38 27.1 (fail)

Further experimental investigations are being addressed
by the authors in order to verify this new methodology for
cylindrical shells with different levels of load imperfection
and initial geometric imperfection. Additional experimental
tests are currently under development to further validate
the proposed approach for composite and metallic conical
structures.
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a b s t r a c t

Nondestructive methods, to calculate the buckling load of imperfection sensitive thin-walled structures,
are one of the most important techniques for the validation of new structures and numerical models of
large scale aerospace structures. The vibration correlation technique (VCT) allows determining the
buckling load for several types of structures without reaching the instability point, but this technique is
still under development for thin-walled plates and shells.

This paper presents and discusses an experimental and numerical validation of a novel approach,
using the vibration correlation technique, for the prediction of realistic buckling loads on unstiffened
cylindrical shells loaded in compression. From the experimental point of view, a batch of three
composite laminated cylindrical shells are fabricated and loaded in compression up to buckling. An
unsymmetric laminate is adopted in order to increase the sensitivity of the test structure to initial
geometric imperfections. In order to characterize a relationship with the applied load, the first natural
frequency of vibration and mode shape is measured during testing using a 3D laser scanner. The
proposed vibration correlation technique allows one to predict the experimental buckling load with a
very good approximation, without actually reaching the instability point. Furthermore, a series of
numerical models, including non-linear effects such as initial geometric and thickness imperfection, are
carried-out in order to characterize the variation of the natural frequencies of vibration with the applied
load and compare the results with the experiment findings. Additional experimental tests are currently
under development to further validate the proposed approach for metallic and balanced composite
structures.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

The concept of relating vibration characteristics to buckling
loads was considered at the beginning of the 20th century for
Somerfeld [1], but only in the 50s some experimental investigations
were conducted by Chu [2], Lurie [3] and Meier [4], among others. A
very detailed review of the theory, application, experimental setup
and results of the vibration correlation technique (VCT) approach
on different structures can be found in Singer et al. [5 (Chapter 15)].

For a better understanding of the applications of VCT on plates
and shells it is important to classify the method according to its use:
1) determination of actual boundary conditions for numerical
calculation purposes; 2) direct estimation of buckling load. This

paper will deal with the direct determination of the buckling load
on cylindrical shells.

There is not full understanding of how to apply the VCT for
unstiffened cylindrical shells, commonly used in space applica-
tions for launcher structures. This type of structure is usually
associated with a high imperfection sensitivity, which requires the
application of empirical guidelines in order to calculate the design
buckling load, currently leading to conservative estimations
(Degenhardt et al. [7]). Skukis et al. [8] presented a preliminary
assessment correlating the vibration modes with the buckling load
of stainless steel cylinders. If a relationship between the buckling
load and the variation of the natural frequencies of vibration
exists, it is possible to use the VCT as a non-destructive technique
for estimating the real knock-down factor of space structures.
Moreover, for this type of structures there is a remarkable
influence of the boundary conditions on the buckling load (see
Zimmermann [9] and Hühne et al. [10]), where the VCT could be
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used for a better characterization of the actual boundary condi-
tions, providing reliable data for numerical simulation, such as
finite element models (see Hilburger et al. [11], Degenhardt et al.
[12], and Degenhardt et al. [7]).

Recent efforts to improve the work done so far on the VCT field
are presented by Jansen et al. [13], where new semi-analytical
tools are introduced to extend the existing semi-empirical VCT for
shells, considering both the non-linear effect of the static state and
the nonlinear effect of the geometric imperfections.

The current manuscript will present and discuss an experi-
mental and numerical validation of a new VCT approach presented
by Arbelo et al. [14]. This approach is based on the observations
made by Souza et al. [15]. The original approach proposed by
Souza is a linear fit between (1�p)2 versus (1� f4), where p¼
(P/Pcr), f¼(fm/f0); P is the applied axial load, Pcr is the critical
buckling load for a perfect shell, fm is the measured frequency at P
load and f0 is the natural frequency of the unloaded shell. Souza
states that the value of (1�p)2 corresponding to (1� f4)¼1 would
represent the square of the drop of the load carrying capacity (ξ2),
due to the initial imperfections. However, if this approach is
applied on unstiffened cylindrical shells the results will be
negative values of the drop of the load carrying capacity (ξ2),
which does not have a physical meaning (see Arbelo et al. [14]).

Instead of plotting (1�p)2 versus (1� f4), Arbelo proposed to
plot (1�p)2 versus (1� f2) and represented the points by a second
order fitting curve. Moreover, the minimum value of (1�p)2

obtained using this approximation represents the square of the
drop of the load carrying capacity (ξ2), for unstiffened cylindrical
shells, due to the initial imperfections. Then, the buckling load can
be estimate by Eq. (1):

Pimperf ect ¼ Pcr 1�
ffiffiffiffiffi
ξ2

q� �
ð1Þ

Focused on the validation of the new VCT approach, this
manuscript presents a series of experimental test, conducted on
500 mm diameter cylinders, fabricated with composite materials,
in order to identify the range of applicability of the VCT for
unstiffened cylindrical shells. The applied load and the first natural
frequency of vibration and mode shape are measured and corre-
lated. The results are compared with numerical simulations
including initial geometric and thickness imperfection. After an
initial finite element assessment for the design of the test
structures, an unsymmetric laminate setup is adopted in order to
increase the sensitivity of the test structure to initial geometric
imperfections (see Zimmermann [16]), increasing the loss of load
carrying capacity, which is more difficult to predict using standard
experimental tests or conventional finite element approaches.

2. Experimental test: materials and methods

2.1. Test specimen: overview

Three identical unstiffened cylindrical shells (named R07, R08 &
R09) are fabricated by hand-layup using 6 plies of unidirectional
(UD) carbon fiber Unipreg 100 g/m2. The geometry and lay-up are
presented in Table 1. The material properties were measured
according to the ASTM D3039 [17], D3410 [18] and D3518 [19]

standards for tension, compression and shear respectively and the
results are presented in Table 2; where Eji is the elastic modulus
along the fiber direction (i¼1) or matrix direction (i¼2) in tension
(j¼T) or compression (j¼C). G12 is the shear modulus and v12 is
the Poisson ratio. Sji is the maximum strength along the fiber
direction (i¼1) or matrix direction (i¼2) in tension (j¼T) or
compression (j¼C). S12 is the shear strength. t is the ply thickness.

After fabrication, the top and bottom edges are trimmed and
clamped using a resin potting and metallic rings. The final radius
over thickness (R/t) ratio is about 400.

2.2. Characterization of initial thickness imperfection using
ultrasonic scan

In order to characterize the thickness imperfection inherent of
the material and fabrication process, an ultrasonic scan is per-
formed on each test specimen. The obtained thickness imperfec-
tion distribution is used afterwards to improve the correlation of
the finite element models, since the buckling mechanism can be
trigged by local imperfections along the shell. Furthermore,
imperfections like gaps or overlaps between plies (due to the
fabrication process) can be quantified using ultrasonic scanning.
Fig. 1 shows the results of the thickness imperfection for each
cylinder. A 10 MHz probe is used to perform the thickness
measuring, which provides a good balance between resolution
and thickness range.

2.3. Characterization of initial geometric imperfection using laser
scan (inner surface)

A laser scan (Panasonics HL-G1 sensor) is used to measure the
initial geometric imperfection on the inner surface of each
cylinder. The laser scan is controlled using an in-house software
and the acquired data is exported in real time to a plain text file for
further analysis and postprocessing. The best-fit-cylinder algo-
rithm is applied afterwards over the raw data to eliminate the
rigid body motion modes from the measurements. The results are
presented in Fig. 2, where it can be seen as approximately 12 half-
waves distributed along the circumference of the inner surface.
The maximum amplitude observed from the measurements is less
than 0.2% of the cylinder diameter.

It must be noticed that the geometric imperfection of the first
50 mm from both top and bottom edges is not measured due to
hardware limitations of the laser scan system, and in this region
the imperfection data is extrapolated from the closest cross-
section containing measured data.

Table 1
Geometric parameters for R07 to R09 cylinders.

Length [mm] 50071
Radius [mm] 25071
Thickness [mm] 0.626470.11
Lay-up [in-out] [021/(745º)2]71º

Table 2
Material properties of UD prepreg Unipreg 100 g/m2.

ET
1

116.4478.71 GPa

EC
1

91.6577.58 GPa

ET
2

6.7370.23 GPa

EC
2

6.3970.81 GPa

G12 3.6370.2 GPa
v12 0.3470.04

ST1 1771.827177.88 MPa

SC1 478.22717.3 MPa

ST2 40.4872.67 MPa

SC2 122.8777.48 MPa

S12 61.5370.67 MPa
t 0.104470.0015 mm
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2.4. Experimental test setup and boundary conditions

The top and bottom cylinder edges are clamped using a
25 mm height resin potting from the outside and metallic rings
from the inside, as presented in Fig. 3. For testing, each cylinder is
placed between two metallic plates and glued with epoxy resin to
them. Moreover, a spherical joint is placed between the cross-
head of the testing machine and the lower plate, in order to
assure axial loading only (see Fig. 4). The compressive load is
measured using a load cell and it is applied using displacement
control at a constant velocity of 1.5 mm/min. Two types of tests
are carried-out in order to validate the proposed VCT approach.
First the cylinder is loaded in compression up to buckling. Notice
that the cylinders are designed to buckle in the elastic regime in
order to avoid damage accumulated during repeated tests. Once
the onset of buckling is found, a second test is performed using a
Polytecs laser vibrometer to characterize the first natural fre-
quency of vibration and mode shape for different values of
applied compressive load, below the onset of buckling. For this
test, the cylinder surface is exited with a random signal using a
loudspeaker placed inside the cylinder and the laser is positioned
in a mesh of 15�25 points in order to map the vibration mode
for the whole signal spectrum.

2.5. Experimental results

Several buckling test were conducted on each cylinder to check
the reliability of the test results and to assure the absence of
accumulative damage on the structure. The average buckling load
obtained for each cylinder is summarized in Table 3.

The variation of the first natural frequency of vibration mea-
sured on each cylinder when loaded in compression is presented
in Table 4. The vibration mode shape obtained from the laser
vibrometer and overlaid on top of the test specimen is shown
in Fig. 5.

3. Validation of the proposed VCT approach

In order to predict the onset of buckling following the proposed
VCT approach, presented by Arbelo et al. [14], it is needed to know:

a) The evolution of the first vibration mode on the cylindrical shell
with the applied load on the prebuckling regime. These results
are carried-out on the previous section of this manuscript.

b) The critical buckling load of the perfect cylinder. This value can
be obtained through a finite element model. An eigenvalue
analysis of a perfect cylindrical shell is fast, simple and provides
such information. More details about the modeling tools and
techniques are discussed in the following sections. For the
study case, the critical buckling load obtained for a perfect
cylindrical shell with the lay-up, dimensions, materials proper-
ties and boundary conditions of the study case is Pcr¼34.17 kN.

Since the experimental results presented in Table 4 correspond
to cylinders with the same characteristics, one can use all this data
at once, plotting (1�p)2 versus (1� f2) and performing a 2nd order
fit, as shown in Fig. 6.

The minimum value of (1�p)2 obtained using this approxima-
tion represents the square of the drop of the load carrying capacity
(ξ2). Using Eq. (1), the predicted buckling load obtained from the
proposed VCT approach is 22.84 kN, which correlates very well
with the average value of the experimental buckling load mea-
sured during testing (see Table 3), with less than 3% of deviation.

Furthermore, one can apply the VCT approach on each study
case to investigate the minimum threshold of compressive load
needed to achieve a good correlation, with less than 10% deviation
from the experimental buckling load. Tables 5–7 present the VCT
results obtained for each cylinder, using different ranges of applied
load (always starting from the unloaded state). In general very good
results are obtained for all the studied cases and in particular for the
cylinder R08, where the correlations are remarkably good evenwith
a very low maximum load used in the VCT measurements (only
49.3% of the buckling load), because in this case more points are

Fig. 1. Thickness imperfection pattern of the studied cylinders [mm].
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measured up to the maximum load, improving the resultant 2nd
order fitting curve.

It is clear that the correlation degrades (in general) when the
maximum load is lower than 50% of the buckling load. From these
results one can conclude that the present approach could be
applied as an experimental non-destructive method to estimate
the buckling load on unstiffened cylindrical shells loaded in
compression. Further experimental investigations are being
addressed by the authors in order to validate the proposed VCT
approach for cylindrical shells with different geometries/materi-
als/lay-up, including isotropic shells.

4. Finite element analysis

A finite element model (FEM) is implemented using Abaquss.
For all three cylinder the mesh adopted after the convergence

analysis uses 140 S8R5 [20] elements distributed along the
circumference. Three different analyses are carried-out:

a) Eigenvalue analysis, to calculate the linear buckling load (Pcr) of
the perfect cylinder.

b) Non-linear analysis considering geometric and thickness
imperfections, followed by a frequency analysis to characterize
the variation of the vibration frequencies when the cylinders
are loaded under axial compression. The geometric imperfec-
tion is imported into the finite element model through shifting
the radial position of each node, using an inverse weighted
interpolation rule with the five closest measured points from
the imperfection data file. In a similar way, the thickness
imperfection is applied to the finite element model changing
the total thickness of each element and shifting the medium-
plane, considering that the inner surface is equal for all the
elements.

Fig. 2. Initial geometric imperfection results from the laser scan on the studied cylinders (inner surface).
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c) Non-linear analysis considering geometric and thickness
imperfection up to buckling to calculate the buckling load of
the imperfect shell (Pimperfect). For this particular case, the
Newton–Raphson iteration solver is used with artificial damp-
ing. This methodology is less computationally demanding than

dynamic relaxation methods, but has the inconvenience to
define the correct damping factor for each model, since this is
not a physical parameter and can only be estimated after a
convergence analysis. The selected damping factor should be
the smallest that allows overcoming the global buckling and in
the presented cases the value of 1 �10�7 is used.

4.1. Numerical buckling load characterization

The results of linear buckling load (Pcr) and non-linear buckling
load (Pimperfect) are presented in Table 8. It can be seen that the
drop of load carrying capacity due to the consideration of initial
imperfection can be up to 44% on R09 cylinder.

An overall good correlation can be found between the numer-
ical prediction of the buckling load, considering geometric and
thickness imperfection, and the experimental buckling load mea-
sured during testing (see Table 9).

4.2. The VCT applied to the finite element model

Using the modeling technique described in previous sections,
the natural frequency of vibration of the first vibration mode is
extracted, for each cylinder, at different levels of applied compres-
sive load. As an example, the plot of (1�p)2 versus (1� f2) for
cylinder R08 is presented in Fig. 7.

The predicted buckling load using the VCT approach on the
numerical model is presented in Table 10 for each cylinder. Notice
that the deviation from the experimental buckling load obtained
from previous test is only 6.3% and 2.2% for cylinders R07 and R08,
respectively. On the other hand, for R09 the obtained error is 12%,
with a poorer correlation which can be associated with non-
characterized imperfections, such as non-uniform load distribu-
tions. Since such imperfections are not included in the proposed
modeling technique, the predicted buckling loads may be
overestimated.

From the previous analysis it is important to remark that the
same behavior observed during the experimental test is present on
the results carried-out from the finite element models. Despite the
proposed VCT is intended to be applied as an experimental non-
destructive method, it is shown that good results can be obtained
from numerical simulations, when all the initial imperfections are
taken into account.

5. Summary and concluding remarks

In this paper, the advantages of using vibration correlation
techniques as a non-destructive method to estimate the buckling
load of unstiffened cylindrical shells are presented. A test cam-
paign is defined in order to validate a novel VCT approach on
composite laminated cylindrical shells, with a radius over thick-
ness ratio of 400. The material properties, initial geometric and
thickness imperfections are measured using the state-of-the-art
techniques. The variation of the first natural frequency of vibration
with the applied compressive load on three cylindrical shells is

Fig. 3. Boundary conditions on top and bottom edges.

Fig. 4. Experimental test setup for compressive loading on cylindrical shells.

Table 3
Experimental buckling load of R07 to R09 cylinders.

Cylinder Experimental buckling load [kN]

R07 22.4470.13
R08 22.7470.14
R09 21.5570.11
Average 22.24
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measured up to buckling. The proposed approach presents a very
good correlation when the maximum load adopted in the VCT is
higher than 50% of the buckling load obtained with tests. If no
failure occurs at this maximum load, the proposed approach
characterizes a truly nondestructive methodology.

Table 4
Variation of the 1st vibration frequency with the applied load.

R07 Cylinder R08 Cylinder R09 Cylinder

Compressive load [kN] 1st vibration mode [Hz] Compressive load [kN] 1st vibration mode [Hz] Compressive load [kN] 1st vibration mode [Hz]

0.18 208.25 0 213 0 212.5
1.55 205.5 1.19 210.75 3.49 207.5
4.2 200.5 3.15 207 6.47 201.5
6.7 196 5.16 202.75 9.37 195.5
9.63 190 7.21 198.5 13.94 184.5

12.5 183 9.15 194.5 18.2 174
15.03 176.75 11.22 189.75 20.24 165.5
18.12 168 13.19 185

15.15 180.5
17.08 175.5
18.33 171.75
20.98 163.25

Fig. 5. Fist vibration mode shape measured during testing.

Fig. 6. Plot of (1�p)2 versus (1� f2) and 2nd order fit based on all the
experimental data.

Table 5
Buckling load prediction using the VCT approach for different loading ranges on
R07 cylinder.

Max. load used for VCT [% of
experimental buckling load]

Predicted buckling
load using VCT [kN]

Deviation from
experimental results
[%]

80 21.28 5.1
67 20.25 9.8
55.7 19.88 11.4 (Fail)

Table 6
Buckling load prediction using the VCT approach for different loading ranges on
R08 cylinder.

Max. load used for VCT [% of
experimental buckling load]

Predicted buckling
load using VCT [kN]

Deviation from
experimental results
[%]

92.2 24.33 7
80.6 24.52 7.8
75.1 24.89 9.4
66.6 24.46 7.5
58 23.01 1.2
49.3 23.97 5.4
40.2 25.55 12.3 (Fail)

Table 7
Buckling load prediction using the VCT approach for different loading ranges on
R09 cylinder.

Max. load used for VCT [% of
experimental buckling load]

Predicted buckling
load using VCT [kN]

Deviation from
experimental results
[%]

93.9 21.05 2.3
84.4 20.37 5.5
64.6 16.4 23.9 (Fail)

Table 8
Critical buckling load and non-linear buckling load
obtained from the FEM analysis.

Linear buckling analysis (Pcr) 34.17 kN
Non-linear buckling load of R07 22.94 kN
Non-linear buckling load of R08 21.1 kN
Non-linear buckling load of R09 19.2 kN
Average non-linear buckling load 21.1 kN
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Additionally, a series of non-linear finite element analyses are
presented. The results show a very good correlation if the inherent
initial imperfections are taken into account, with a deviation of the
predicted buckling load less than 7% on most of the studied cases.
For future studies, load imperfections should be taken into account
in order to improve the accuracy of the numerical results. Further
experimental investigations are being addressed by the authors in
order to validate this new methodology for cylindrical shells with
different geometries/materials, including isotropic shells.
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Abstract 

Non-destructive methods to estimate the actual buckling load in particularly for imperfection sensitive thin-walled 

structures, are of severe interest among many fields. Particular techniques for validation of structural limit state and 

numerical model predictions for large scale structures are getting momentum. The vibration correlation technique 

(VCT) allows to correlate the ultimate load our instability point with rapid decrement of self-frequency response. 

Nevertheless this technique is still under development for thin-walled shells and plates. The current research discusses 

an experimental verification of extended approach, using vibration correlation technique, for the prediction of actual 

buckling loads on unstiffened cylindrical shells loaded in axial compression. Validation study include two laminated 

composite cylinders which were manufactured and repeatedly loaded up to instability point. 

In order to characterize a correlation with the applied load, several initial natural frequencies and mode shapes were 

measured during tests by 3D laser scanner. Results demonstrate that proposed vibration correlation technique allows 

one to predict the experimental buckling load with high reliability, without actually reaching the instability point. 

Additional experimental tests and numerical models are currently under development to further validate the proposed 

approach to extended composite and metallic structures. 
 

© 2016 The Authors. Published by Elsevier Ltd. 

Peer-review under responsibility of the organizing committee of MBMST 2016. 

Keywords: Vibration correlation technique, buckling, thin-walled structures, cylindrical shells ; 

1. Introduction 

Since beginning of the 20th century a concept correlating vibration characteristics with stability was considered 

initially only by theoretical studies Somerfeld, [1]. Nevertheless it took more than half a century to start to conduct 

initial experimental knowledge and to summarize previous achievements which were reviewed in great detail of the 

http://www.sciencedirect.com/science/journal/22120173
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theory, application, experimental setup and results of the vibration correlation technique (VCT) approach on different 

structures by Singer et al [2]. Initial findings suggested that main application of VCT on plates and shells may be 

classified according to its application:  assurance of actual boundary conditions and for validation of stability load in 

comparison with numerical analyses. Even though a conventional vibration tests with accelerometers are still industry 

standard a non-contact laser scanning tests enable a new dimension on data acquisition and visualization. Therefore 

extend the reliability of VCT method and it sole potential for determination of the buckling load on cylindrical shells. 

Currently there is limited knowledge on application of VCT for unstiffened cylindrical shells, commonly used in 

aerospace applications or as silos in building sector. This type of structures typically are associated with a high 

imperfection sensitivity, which requires the application of empirical guidelines /design codes in order to calculate the 

design buckling load and currently leading to over conservative estimations. Even though the Eurocode 3 [3] dealing 

with strength and stability of cylindrical structures and silos particularly [4] include less conservative safety factors if 

design analysis involve known our measured geometrical/material imperfections boundary conditions etc. related to 

the manufacturing process. Nevertheless there is not much discussion given how those input variables could be 

assessed with confident level of reliability. Therefore in common engineering practice those softened safety factors 

are neglected and over conservative knock-down factors are implemented (Degenhardt et al, 2010 [5]). Preliminary 

assessment of correlating the vibration modes with the buckling load of stainless steel cylinders obtained by non-

contact measurements was presented by Skukis et al, 2013 [6]. It was shown that it is possible to observe a relationship 

between the buckling load and the variation of the natural frequencies of vibration, therefore highlighting the potential 

of a VCT as a non-destructive technique for estimating the real knock-down factor of unstiffened structures. Moreover, 

for this type of structures there is a remarkable influence of the boundary conditions on the buckling load [7, 8, 9], 

where the VCT could be used to assess the actual boundary conditions, providing reliable data for numerical 

simulation, such as finite element models [10, 11, 6]. 

Recent efforts to improve the work done so far on the VCT field are presented by Abramovich et al, 2015 [12], 

where new semi-analytical methods was experimentally verified for shells, considering both the non-linear effect of 

the static state and the nonlinear effect of the geometric imperfections. The current research will present and discuss 

an experimental verification of a modified VCT approach originally presented by Arbelo et al, 2014 [13]. This 

approach is based on the observations made by Souza et al, 1983 [14]. The original approach proposed by Souza is a 

linear fit between (1 − 𝑝)2  versus (1 − 𝑓4), where 𝑝 = 𝑃/𝑃𝑐𝑟 , 𝑓 = 𝑓𝑚/𝑓0 ; 𝑃  is the applied axial load, 𝑃𝑐𝑟  is the 

critical buckling load for a perfect shell, 𝑓𝑚 is the measured frequency at 𝑃 load and 𝑓0 is the natural frequency of the 

unloaded shell. Souza states that the value of (1 − 𝑝)2 corresponding to (1 − 𝑓4) = 1 would represent the square of 

the drop of the load carrying capacity(𝜉2), due to the initial imperfections. However, if this approach is applied on 

unstiffened cylindrical shells the results will be negative values of the drop of the load carrying capacity (𝜉2), which 

doesn’t have any physical meaning [14]. 

Therefore in modified VCT approach instead of plotting (1 − 𝑝)2  versus (1 − 𝑓4) , Arbelo proposed to plot 

(1 − 𝑝)2  versus (1 − 𝑓2)  and represented the points by a second order fitting curve (which could be further 

improved). Moreover, the minimum value of (1 − 𝑝)2 obtained using this approximation represents the square of the 

drop of the load carrying capacity(𝜉2), for unstiffened cylindrical shells, due to the initial imperfections. Then, the 

buckling load can be estimate by Eq. 1: 

𝑃𝑖𝑚𝑝𝑒𝑟𝑓𝑒𝑐𝑡 = 𝑃𝑐𝑟(1 − √𝜉2)  (1) 

Focused on the verification of modified VCT approach, this research presents a series of two experimental test, 

conducted on composite benchmark cylinders [11, 15, 16], in order to identify the range of applicability of the VCT 

for unstiffened composite cylindrical shells. The applied load and the first natural frequency of vibration and mode 

shape are measured and correlated. The initial geometric imperfection shape of each cylinder is measured by a 3D 

non-contact laser scan. 

The main goal on this research is to compare the predicted buckling load versus the real buckling load measured 

on samples with different materials, geometries (radius, thickness, height) and fabrication technologies. More details 

about each study case are given in the following section. 
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Nomenclature 

𝑃 is the applied axial load 

𝑃𝑐𝑟  Critical buckling load for a perfect shell 

𝑓0 is the natural frequency of the unloaded shell 

𝑓𝑚 is the measured frequency at P load 

ξ2 the load carrying capacity 

𝐿 Free length 

𝑅 Radius 

𝑡 Thickness 

𝐸1
𝑇 Elastic modulus along the fiber direction, tension 

𝐸1
𝐶  Elastic modulus along the fiber direction, compression 

𝐸2
𝑇 Elastic modulus along the matrix direction, tension 

𝐸2
𝐶  Elastic modulus along the matrix direction, compression 

𝐺12 is the shear modulus 

𝑣12 is the Poisson ratio 

𝑆1
𝑇  is the maximum strength along the fiber direction, tension 

𝑆1
𝐶 is the maximum strength along the fiber direction, compression 

𝑆2
𝑇 is the maximum strength along the matrix direction, tension 

𝑆2
𝐶 is the maximum strength along the matrix direction, compression 

𝑆12 is the shear strength 

2. Experimental test: materials and methods 

2.1. Test specimen: Overview 

Two identical composite laminated cylindrical shells corresponding to German Aerospace set benchmark study 

[11] was fabricated and tested. The R15 and R16 cylinder were fabricated at RTU by hand-layup, using 4 plies of 

unidirectional (UD) carbon fiber prepreg Hexcel® IM7/8552, and cured out of autoclave. The material properties were 

measured according to the ASTM D3039 [17], D3410 [18] and D3518 [19] standards for tension, compression and 

shear respectively and the results are presented in 1. Compared with material properties given by material producer in 

data sheet and other research articles [11, 20, 21, 23] show slight discrepancies mainly in shear strength values, 

therefore it was concluded that even thought out of autoclave is not a proper manufacturing method obtained  material 

properties are valid for comparison with benchmark tests [11]. 

 

Table 1 – Measured material properties of out of autoclave manufacturing of UD prepreg Hexcel® IM7/8552. 

 Stiffness Strength 

 Mean value  Std. Deviation [%]  Mean value  Std. Deviation [%] 

E1
T 171.5 GPa 2.6 S1

T 2300 MPa 13.8 

E1
C 150.2 GPa 4.6 S1

C 857 MPa 10.1 

E2
T 8.9 GPa 4.2 S2

T 40 MPa 20.4 

E2
C 9.4 GPa 10.9 S2

C 203 MPa 3.9 

G12 5.1 GPa 7.8 S12 51 MPa 8.4 

v12 0.32  13 tply 0.125 mm  
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The detailed geometry and optimised – imperfection sensitive lay-up are presented in Table . It should be noted 

that after fabrication, the top and bottom edges are trimmed and clamped using a resin potting and metallic rings. The 

final radius over thickness (R/t) ratio is about 478. 

 

Table 2 - Geometric parameters for tested cylinders. 

Free length [mm] 500 

Radius [mm] 250 

Total thickness [mm] 0.523 

Lay-up [in-out] [+24º/-24º/+41º/-41º] ± 1º 

 

2.2. Experimental test setup and boundary conditions 

The universal quasi static testing machine Zwick 100 was used to apply axial compressive load on the cylinder. 

Starting from zero, the compressive load was increased at 2 kN step up to 85% of predetermined buckling load. During 

each increment the natural frequencies and vibration modes were measured using Polytec laser vibrometer on a grid 

of points distributed along a small area of the cylinder (white area figure 1a). For structural excitation a loudspeaker 

placed 180° opposite the measured area was used. Measured sector of cylinder was approximately 72 deg wide in 

frequency range from 0 to 400Hz. The scanned area consisted of 300 grid points which was found as a good tradeoff 

between the scanning time and the level of detail of modal response.  

In general, the top and bottom cylinder edges are clamped by a resin potting from the outside 25 mm in height and 

internal metallic rings, as shown in Figure 1a. For testing, each cylinder is placed between two metallic plates and the 

narrow gap filled with reinforced epoxy resin (see Figure 1b).  

 

 

    
 

Fig. 1. (a) Boundary conditions on top and bottom edges; (b) Experimental test setup for compressive loading. 

2.3. Experimental results 

It should be noted that for composite cylinders the buckling tests could be repeated for several configurations 

without scarifying the test specimen response. Therefore besides initial tests there has been a several repeated series 

of experimental assessment of robustness of test set up. One should note that once specimen has been repeatedly tested 

following all set up procedure obtained buckling load has increased by 3-4%. Nevertheless the buckling load and mode 

shape obtained for each tested cylinder is summarized in Table 3. It is worth to mention that obtained experimental 

buckling load compared to series average of benchmark study by Degenhard et al. [5] show result compatibility with 
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upper limit loads obtained in benchmark study. Therefore confirming the material and specimen processing technology 

and testing set up compatibility with numerical predictions by finite element method. 

Table 3 - Experimental buckling load of tested cylinders. 

Cylinder 
Experimental  

buckling load [kN] 

Experimental buckling mode 

R15 25.04 

  

R16 25.20 

  
 

The dependency between natural frequency and applied compression load is shown in Figure 2 (a). One may see 

that throughout test the self-frequency and amplitude decreases while wavelength increase. This may indicate that 

once amplitude of the response has leveled the structure has reached a bifurcation point. This correlation is easy to 

observe in Figure 2 (b) where magnitude of excitation almost merge before reaching the buckling point. 

    

Fig. 2. Natural frequency response of cylinder R15 (a) Decrement of natural frequency due axial compression; (b) First versus second natural 

frequency magnitude decrement. 

 

3. Verification of the proposed VCT approach 

As a next step in order to predict the onset of buckling following the modified VCT approach, presented by Arbelo 

et al, 2014 [13, 14, 22], it is required to follow: a) The evolution of the first vibration mode on the cylindrical shell 

with the applied load on the pre buckling regime. This procedure is briefly described in previous section of this 

manuscript. 

b) Numerical determination of linear buckling load (eigenbuckling) of the perfect cylinder (Pcr). This value can be 

obtained through a finite element model. An eigenvalue analysis of a perfect cylindrical shell is fast, simple and 
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provides such estimate. Even though there is little correlation with experimental results thus knock down factors should 

be added. For this study, a finite element model (FEM) is implemented by commercial software ANSYS [24]. The 

critical buckling loads obtained for a perfect cylindrical shell with the lay-up, dimensions, materials properties and 

boundary conditions used as a reference was 38.75kN. Obtained eigenbuckling load was 55% higher than the 

experimental load. 

The proposed VCT approach can be plotted in function of the dimensionless parameters (1 − 𝑝)2 versus (1 − 𝑓2) 

or  (1 − 𝑓4) for modified approach as shown in Figure 3. Obtained vibration correlation approximation function for 

both R15 and R16 cylinders show strong correlation. Furthermore result assessment in table 4 confirms that the best 

estimate by modified VCT method gives overestimate by 5-8% whereas classical VCT diminish by 4-12%. 

 

    

Fig. 3. a) Plot of (1-p)2 versus (1-f4) by stepwise axial load increment; b) Plot of (1-p)2 versus (1-f2) by stepwise axial load increment. 

Table 4 - Buckling load prediction using the VCT approach for the different studied cases. 

Cylinder 

Predicted buckling 

load by modified 

VCT [kN] 

Deviation from modified 

VCT and experimental 

results [%] 

Predicted buckling 

load by modified 

VCT [kN] 

Deviation from modified 

VCT and experimental 

results [%] 

R15 24.1 - 3.7 26.2 + 4.8 

R16 22.3 - 11.9 27.3 + 8.4 

 

More detailed analysis should be given to Figure 4 where approximation of response with every axial load step. It 

should be noted that pre-stress from axial compression up to 50% of buckling load gives reliability up to 75% of 

predicted buckling load. Further increase to 65% of buckling load gives prediction reliability close to 90%. One should 

note that some loading imperfections has been found around the top and bottom edges along the circumference during 

testing. In this way, the vibration analysis can give non-conservative results depending on the relative position of the 

laser scan and the measured surface section. Further studies are currently been conducted in order to quantify a 

relationship between the initial loading imperfection around the edges and the predicted VCT buckling load. 
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Fig. 4. Buckling load prediction using the VCT approach for different loading ranges on R15 cylinder. 

From these results one can conclude that the present modified vibration correlation approach could be applied as 

an experimental non-destructive method to estimate the buckling load on unstiffened cylindrical shells loaded in 

compression. This indicates that modified VCT procedure show potential capacity to estimate ultimate load carrying 

capacity of real structures in real loading conditions. 

4. Summary and concluding remarks  

In this paper, a verification of an empirical approach applying modified vibration correlation techniques as a non-

destructive/ non-contact method to estimate the buckling load of unstiffened cylindrical shells is presented. A series 

of benchmark tests are carried-out with two similar cylindrical shells in order to verify robustness of modified and 

classical VCT approach. The material properties and initial geometric imperfections are measured using the state-of-

the-art techniques. The variation of the first and second natural frequency in conjunction with the applied compressive 

load for cylindrical shells is measured up to buckling. The proposed approach presents a very good correlation when 

the maximum load adopted in the VCT is higher than 80% of the buckling load obtained with tests. Nevertheless tests 

up to 65% of buckling load can give a 90% fidelity in estimation of buckling load. If no failure occurs at this maximum 

load, the proposed approach characterizes a truly nondestructive methodology. Furthermore it is observed that the use 

of the second natural frequency mode for the estimation of the buckling load can provide result with smaller deviation 

on some particular cases. The authors recommend to monitor the variation of amplitude for the first and second 

vibration mode when while axial compression load is applied. 

Further experimental investigations are being addressed by the authors in order to verify this modified methodology 

for cylindrical shells with different levels of load imperfection and initial geometric imperfection. Additional 

experimental tests are currently under development to further validate the proposed approach for composite and 

metallic cylindrical structures. 
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Applicability of the vibration correlation technique (VCT) for nondestructive evaluation of the axial buckling load is considered.
Thin-walled cylindrical shells with and without circular cutouts have been produced by adhesive overlap bonding from a sheet
of aluminium alloy. Both mid-surface and bond-line imperfections of initial shell geometry have been characterized by a laser
scanner. Vibration response of shells under axial compression has been monitored to experimentally determine the variation of
the first eigenfrequency as a function of applied load. It is demonstrated that VCT provides reliable estimate of buckling load
when structure has been loaded up to at least 60% of the critical load. This applies to uncut structures where global failure mode
is governing collapse of the structure. By contrast, a local buckling in the vicinity of a cutout could not be predicted by VCT
means. Nevertheless, it has been demonstrated that certain reinforcement around cutout may enable the global failure mode and
corresponding reliability of VCT estimation.

1. Introduction

Thin-walled shell structures are extensively employed in
applications where minimization of weight is of primary
importance (e.g., in aerospace). Load-carrying capacity of
such structures in compression is typically governed by buck-
ling. The imperfection sensitivity exhibited by cylindrical
shells renders particular emphasis on their design against
instability in axial compression. Therefore, robust design
approaches are being developed and validated, such as single
perturbation load, single perturbation displacement, single
boundary perturbation approaches, and their modifications
(see, e.g., [1–7]) in order to replace the existing overconser-
vative design guidelines.

Nevertheless, the possibility of a nondestructive evalu-
ation of buckling load is indispensable for proof-testing of
structures and also instrumental in validation of theoretical
stability analyses. Vibration correlation technique (VCT) is

such a nondestructive vibration test method that allows esti-
mating the buckling load based on experimentally obtained
variation of a natural frequency with the applied load as
detailed in [8, 9]. It should be noted that VCT can also be
applied to determine the actual in situ boundary conditions of
structures that can greatly enhance the accuracy of numerical
prediction of buckling load [8]. VCTs have generally reached
maturity for columns and plates [8], although further refine-
ments are still being developed (e.g., for curved panels) [10].
Moreover, further work is still needed on the validation of
the VCT in order to attain industrial applicability for shell
structures [10, 11].

Application of VCT is usually based on a theoretically or
experimentally determined functional form of the vibration
frequency variation with the applied load that is fitted to the
test data and extrapolated to estimate the critical buckling
load. It has been demonstrated that, as for a variety of other
structures possessing similar buckling and vibration modes,
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the natural frequency squared is a linear function of the
applied axial load also for perfect cylindrical shells [8, 9].
Although low-frequency vibration modes of closely stiffened
shells are very similar to their buckling modes, the experi-
mental dependence of frequency squared on axial load was
found to exhibit a marked drop in the natural frequency at
relatively high loads approaching buckling [8, 10].The leading
role of initial geometrical imperfections in causing such a
vibration response has been highlighted by shell models of
various complexities [11–13]. Semiempirical relations have
been proposed and verified for extraction of buckling load
from the experimental natural frequency versus axial load
data of closely stiffened shells as discussed in [8, 10, 12, 14, 15].
In particular, using a simplified model of shell, Souza et al.
[12, 15] suggested that (1 − 𝑝)2 should be a linear function of
1 − 𝑓
4; it can be presented analytically as [10]

(1 − 𝑝)
2

+ (1 − 𝜉
2

) (1 − 𝑓
4

) = 1, (1)

where the nondimensional load parameter 𝑝 = 𝑃/𝑃cr is given
by the applied axial load 𝑃 normalized by the buckling load
of a perfect shell 𝑃cr, and the frequency parameter 𝑓 = 𝑓

𝑚
/𝑓
0

is the ratio of the vibration frequency 𝑓
𝑚
measured at load

𝑃 and the natural frequency of the unloaded shell 𝑓
0
. By

fitting (1) to the vibration test results at relatively low loads,
the knock-down parameter 𝜉 is evaluated and the buckling
load is estimated as

𝑃pred = (1 − 𝜉) 𝑃cr, (2)

that is, as the load at 𝑓 = 0 from (1).
Unlike closely stiffened shells, unstiffened (monocoque)

cylindrical shells exhibit buckling modes that differ from the
fundamental vibration modes. Therefore, the VCT methods
developed for closely stiffened shells may not be directly
transferable to the unstiffened ones. Applicability of VCT
to unstiffened stainless steel cylinders was explored in [16]
employing linear and quadratic fitting polynomials for vibra-
tion frequency squared as a function of axial load, with
encouraging but inconclusive preliminary results. The VCT
proposed by Souza et al. [12, 15] was applied to unstiff-
ened cylindrical shells by Arbelo et al. [17] using extensive
numerical simulations. Negative values of the parameter
𝜉
2 in (1) were obtained having no physical meaning, thus
invalidating the approach [12, 15] for unstiffened cylindrical
shells. However, it inspired a modification of VCT as follows
[17]. It was proposed to approximate the (1 − 𝑝)2 data as a
second-order polynomial of 1 − 𝑓2. The minimum value of
(1−𝑝)

2 determined using this approximation was associated
with the parameter 𝜉2 characterizing the reduction of load-
carrying capacity of unstiffened cylindrical shells due to the
initial imperfections. Having thus determined the value of 𝜉2,
the buckling load is estimated by (2).

The modified VCT of Arbelo et al. [17] has been exten-
sively validated for thin-walled unstiffened cylindrical shells
produced from carbon/epoxy [18–20], stainless steel [19], and
aluminium [21] demonstrating its capacity of determining the
axial bucking load via nondestructive tests. However, com-
mon applications from aerospace to civil structures require

isotropic shell structures to be accommodated with local
cutouts.Theprincipal aimof the current study is evaluation of
the applicability of the modified VCT for estimation of buck-
ling load of isotropic unstiffened cylindrical shells weakened
by cutouts in the form of an open circular hole. Furthermore,
the accuracy of nonlinear FEM analysis of instability using
experimentally determined geometrical imperfection data of
the shells and the effect of boundary condition model are
evaluated.

2. Test Specimens

2.1. Manufacturing of Cylinders. A total of twelve cylindrical
shells having nominal diameter 𝐷shell = 500mm and free
height 𝐻shell = 460mm were manufactured from 0.5mm
thick EN AW 6082 T6 aluminium alloy sheet. The shells
designated as R29–R32, R34, and R40 had no cutouts. Shells
R33, R35, and R36 featured circular cutouts of diameter 𝐷 =
50mm, 80mm, and 30mm, respectively. Shell R37, in addi-
tion to a cutout of 30mm diameter, was strengthened by a
reinforcement ply made from the same sheet in the shape
of 20mm wide ring, with outer diameter 50mm, attached
around the cutout. Shells R38 and R39 had 80mm diameter
cutouts with 20 and 10mmwide reinforcement rings, respec-
tively. A summary of the test specimen geometry is presented
in Table 1.

When prototyping the shells at RTU premises, the alu-
minium sheets were cut and machined manually before
bonding with Araldite� 2011 universal two-component epoxy
structural adhesive via a 25mmoverlap longitudinal joint and
cured at room temperature. Both the opposite edges of a
sheet to be joined were unsymmetrically taper-machined to
ensure a uniform thickness distribution across the 25mm
wide overlap joint. Abrasive treatmentwas applied to the joint
surfaces before bonding. Adhesive bonding was carried out
on a steel mandrel of 500mm diameter using vacuum bag to
press the aluminium sheet to the mandrel. The joint area was
pressed with clamps against the mandrel surface to facilitate
uniform bonding. The average bond thickness amounted to
0.85mm for shells R29 and R30, which were manufactured
earlier during EC FP7 project DESICOS employing the same
manufacturing technique [21], and 0.75mm for the rest of
shells. The subsequent stages of joining the sheet edges
described above are illustrated in Figure 1.

The cutoutsweremachined uponproduction of the shells.
All the cutouts were located in the shell mid-height and
shifted by about 90∘ circumferentially with respect to the
bonding line. The reinforced cutouts were manufactured by
bonding the reinforcement ring to the assembled shell, while
it was on the steel mandrel. The rings were made of the
same aluminium sheet and adhesively bonded by Araldite
2011 adhesive used for shell bonding. The shell cutout was
machined the same way as for unreinforced cutouts, match-
ing the internal diameter of reinforcement ring. Cutout mill-
ing was performed employing hand-held tungsten carbide
burr. The cutouts thus produced, both lacking reinforcement
and reinforced by rings of different width, are shown in
Figure 2.

Machining of cutouts in the already assembled shells
allowed performing initial geometry scans of the shells before
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Figure 1: Subsequent stages for producing of an adhesively bonded overlap joint: tapering of both edges at the bonding line (Step 1);
aluminium sheet wrapped around a cylindrical steel mandrel, vacuum-bagged with clamped joint area (Step 2); final assembly, cylindrical
shell with edge casting blocks (Step 3).

Table 1: Test specimens.

Cylinder ID Nominal
diameter𝐷shell

Free height
𝐻shell

Thickness Total thickness
at bonded area

Cutout diameter
𝐷

Reinforcement Shimming

R29

500mm 460mm 0.5mm

0.85mm No cutout No Lower loading plate
R30 0.85mm No cutout No Lower loading plate
R31 0.75mm No cutout No No
R32 0.75mm No cutout No No
R33 0.75mm 50mm No No
R34 0.75mm No cutout No No
R35 0.75mm 80mm No No
R36 0.75mm 30mm No No

R37 0.75mm 30mm 20mm wide
ring No

R38 0.75mm 80mm 20mm wide
ring No

R39 0.75mm 80mm 10mm wide
ring No

R40 0.75mm No cutout No No
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(a) (b) (c)

Figure 2: Different cutout edge conditions: unreinforced cutout (a) and cutouts with reinforcing rings of 20 (b) and 10 (c) mm width.
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Figure 3: Imperfection scans by an internal laser scanner for R36 shell before (a) and after (b) introduction of cutout.

actual cutouts were made to gather imperfection data related
to manufacturing imperfection signatures.

2.2. Characterization of Geometrical Imperfections of Shells. A
laser scanner (Panasonic HL-G1 sensor) was used to measure
the geometric imperfections of the inner surface of all the
cylinders. The laser scan was controlled using an in-house
software and the data acquired were exported in real time to
a text file for postprocessing.

Upon scanning, the best-fit-cylinder algorithm was
applied to the raw data in order to eliminate the rigid body
motionmodes from themeasurements.The results presented
in Figure 3 show unfiltered imperfection pattern for R36
shell, captured before and after introduction of the cutout. It
should be noted that the cutout area was externally covered
to avoid out-of-range readings of the laser; nevertheless, one
may see that both the cutout and adhesive joint areas are
exhibiting the most severe imperfections.

3. Mechanical Tests

3.1. Characterization of the Shell Wall Material. The proce-
dure for material characterization according to ASTME-8M-
04 standard was carried out for 0.5mm thick sheet of EN
AW 6082 T6 aluminium alloy used for manufacturing of the
cylindrical shells.The aim of material characterization was to
determine the yield stress and ultimate stress, as well as the
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Figure 4: MISO curve of the aluminium sheet material with indi-
cated experimental stress-strain data points used for its construc-
tion.

nonlinear plasticity diagram of the material to be employed
in finite element analyses of buckling. Multilinear isotropic
hardening (MISO) material model, exemplified in Figure 4,
was established based on the experimentally obtained stress-
strain curves. Typical Young’s modulus value of aluminium
alloys of 70GPa was used in the material model.

3.2. Shell Buckling Tests. Experimental buckling test set-up
for shells, shown in Figure 5, comprised three LVDTs (placed
around the shell at 120∘ angular intervals) for shortening
measurements, one of them aligned with the bonding line
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Figure 5: Experimental test set-up.

of the shell. Both the top and bottom edges of shells, resting
on the respective machine plates, were joined to the plates
by means of potting with a resin/powder filler to eliminate
loading imperfections and contact surface misalignments.

For most of the cylinder tests, the bottom plate was
bolted to the respective crosshead as shown in Figure 6(a).
By contrast, for shells R29 and R30 the test set-up contained
a shimmed interface at the lowermachine plate (Figure 6(b)).
Shimmingwas performed by placing very thin sheets ofmetal
between the lower loading plate and the load distributing
washer attached to the load frame in order to eliminate the
small gaps between both surfaces, so that an even distribution
of load along the cylinder’s circumferencewas ensured.When
testing the rest of cylinders, this interface was eliminated by
bolting both load distributing structures directly to the load
frame (Figure 6(a)).

Universal quasi-static testing machine Zwick 100 was
used for the tests. Loading was introduced by incremental
upper edge displacement at a rate of 0.5mm/min. Load mea-
surement was carried out by a single load cell located between
the upper loading plate and the upper crosshead of the
loading frame.

A photogrammetry based technique was used to capture
the 3D buckling mode shape deformation pattern and to
build open plots.

3.3. Characterization of Vibration Response. The universal
quasi-static testing machine Zwick 100 was used to apply
axial compressive load on the cylinders. Starting from zero
load (i.e., unloaded shell), the compressive loadwas gradually
increased in 2 kN steps up to ca. 85% of the estimated
buckling load. Upon each load increment, the natural fre-
quencies and vibration modes were scanned by Polytec laser
vibrometer on a grid of points distributed along a small area
of the cylinder (Figure 7).

For structural excitation, a loudspeaker, placed 180∘
opposite to the scanned area, was used and measurements
were conducted in the frequency range from 200 to 400Hz.
The scanned sector of cylinder was approximately 72∘ wide

that corresponds to 1/5 of cylinder surface. The scanned area
consisted of 300 grid points that presented a good trade-off
between the scanning time and the level of detail of modal
response. The vibration mode shapes captured by the laser
vibrometer and corresponding to the first natural frequency
are shown in Figure 8 overlaid onto the respective shells
tested.

4. Numerical Analyses

Numerical simulations were performed by means of ANSYS
[22] finite element code as nonlinear buckling analyses with
multilinear isotropic hardening material model to allow for
plasticity. Newton-Raphson large deformation solver was
used to solve the shell finite element model composed
of shell (SHELL281), solid (SOLID186), and multipurpose
constraint (MPC184) finite elements. Two approaches of
implementation of the boundary conditions were covered
in the current study, namely, simplified clamped boundary
conditions (CBC), which consider clamped shell edges with
uniform loading by edge translation, and real case boundary
conditions (RBC), consisting of modeling of the actual load
introducing parts of the test set-up, connected to the shell
edges by multipoint constraint element rigid beams. The
basic concern of the utilization of the more complicated FE
analysis model versus the simplified one was related to the
particular test set-up containing a circular adapter (25mm
long steel adapter stud of 63mm diameter, connecting upper
load transfer plate to the load cell, attached to the test frame
crosshead) (see Figure 5), taking into account bending of the
top and bottom load distribution plates resulting in rotation
of the shell boundary region.

In the case of CBC, bottom edge of the shell was consid-
ered as clamped (i.e., the condition of all edge displacement
and rotation components being equal to zero was imposed).
The upper edge was considered clamped for all the rotations
and displacements except that in the loading direction.
Loading by displacement was applied to all the upper edge
nodes.

In the case of RBC, all the set-up parts up to connection to
the load cell were modeled by shell and solid finite elements
representing physical interaction of the actual parts, allowing
for loading edge rotation and bending of the loading plate.
Clamped boundary conditions were applied on the central
part of the bottom steel plate, while the shell edge was
clamped to the plate, allowing for rotation.The upper loading
unit was constrained in lateral directions, with displacement
in the loading direction applied to all the nodes of the upper
part of connector stud, thus allowing load redistribution
through all the components to the shell. The respective FEM
models are shown in Figure 9.

The critical buckling load of a perfect shell, needed for
application of the VCT, was obtained by a linear FEM analysis
of a shell lacking any imperfections and subjected to CBC.

5. Results and Discussion

5.1. Experimental Buckling Loads and Modes. The buckling
loads andmode shapes determined for each of the specimens
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Figure 6: Schematic of the lower shell support for most of the specimens (a) and for shells R29 and R30 (b).

Figure 7: Experimental set-up for vibration tests.

(a) (b)

Figure 8: First vibration mode used in VCT of an intact cylinder (a) and a cylinder with cutout (b).

Figure 9: FEMmodels for CBC and RBC of a cylindrical shell with cutout.
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Table 2: Experimental buckling loads and mode shapes of intact shells.

Cylinder Experimental
buckling load [kN] Experimental buckling mode

R29 36.3

3.150

460

0
0.456

4.520

−6.84

z 
(m

m
)

Θ (rad)

R30 38.3

3.187

460

0
0.383

4.52

−7.71

z 
(m

m
)

Θ (rad)

R31 51.98

3.664

460

0
0.868

5.09

−11.28
z 

(m
m

)
Θ (rad)

R32 51.96

4.421

460

0
1.611

4.83

−8.72

z 
(m

m
)

Θ (rad)

R34 51.57

3.611

460

0
1.021

4.11

−6.99

z 
(m

m
)

Θ (rad)

R40 52.52

4.097

460

0
1.604

5.19

−8.75

z 
(m

m
)

Θ (rad)

tested are summarized in Table 2 for intact shells and in
Table 3 for shells with cutouts. If a local bucking at the cutout
was observed preceding the global one, the local buckling
load is given in brackets in Table 3.

The buckling mode shape patterns shown in Tables 2
and 3 were obtained by a photogrammetry technique. The
method is based on reconstructing of the 3D shape of an
object using a number of digital camera shots at different
angles around the circumference. In this particular case,
due to the tight space between test frame columns and the
specimen, only a sector of about 1/3 of the shell could be

represented in the open plot, usually front and back sectors.
The accuracy of determining the out-of-plane displacement
magnitude is highly dependent on the number of shots
taken and quality of the optical system used. Since there was
no straightforward method of calibration available for this
technique, the measured magnitudes should be used only for
purposes of comparative analysis.

The intact shells R31, R32, R34, and R40, tested with
the lower plate supported as shown in Figure 6(a), exhibited
very close buckling loads at 52.0 ± .4 kN. Shells R29 and
R30 possessed larger geometrical imperfections than the rest,
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Table 3: Experimental buckling loads and mode shapes of shells with cutouts.

Cylinder Experimental
buckling load [kN] Experimental buckling mode

R33
𝐷 = 50mm

25.85
(21.2)∗

3.349

460

0
0.536

4.3

−8.6

z 
(m

m
)

Θ (rad)

R35
𝐷 = 80mm

25.05
(21.5)∗

4.1271.353

4.6

−8.5

460

0

z 
(m

m
)

Θ (rad)

R36
𝐷 = 30mm 25.39

3.4590.732

4.62

−9.29

460

0

z 
(m

m
)

Θ (rad)

R37
𝐷 = 30mm
20mm wide
ring

43.79

3.3050.579

4.16

−8.02

460

0

z 
(m

m
)

Θ (rad)

R38
𝐷 = 80mm
20 mm wide
ring

30.9
(29.1)∗

4.5691.774

3.63

−7.14

460

0

z 
(m

m
)

Θ (rad)

R39
𝐷 = 80mm
10mm wide
ring

28.12
(27.7)∗

3.9640.971

4.23

−7.50

460

0

z 
(m

m
)

Θ (rad)
∗Load at the onset of local buckling.

which was likely the cause of their lower buckling load of ca.
37 kN reported in Table 2.

It is seen in Table 3 that shells with cutouts lacking
reinforcement exhibited very close buckling loads of ca. 25 kN
for cutout diameters ranging from 30 to 80mm. Adding a
10mmwide reinforcement layer to a shell with 80mm cutout
increased the critical load by about 10%, while a 20mm
wide reinforcement patch applied to a 30mm cutout elevated
buckling load by more than 70%.

It should be noted that the experimental results of the
effect cutout on buckling load reported above are in close
agreement with those of other authors that have studied this
phenomenon. For instance, following the work presented by
Toda [23], the authors evaluated the reinforcement ratio of
the shells 𝛾:

𝛾 =
𝑊

𝑊
0

, (3)
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Table 4: Numerical buckling load prediction and VCT results for shells without cutouts.

Cylinder
Experimental
buckling load

[kN]

Numerical
predicted

buckling load
[kN] RBC/CBC

Deviation from
experimental
results [%]
RBC/CBC

KDF
EXP/RBC/CBC

Predicted
buckling load by

VCT [kN]

Deviation from
experimental
results [%]

R29 36.33 36.45∗ 0.31∗ 0.54/-/0.55 38.16 −5.04
R30 38.32 44.96∗ 14.8∗ 0.57/-/0.67 38.36 −0.13
R31 51.98 49.76/51.08 −4.5/−1.8 0.78/0.75/0.77 46.08 11.35
R32 51.96 49.07/49.51 −5.9/−5.0 0.78/0.74/0.74 52.71 −1.44
R34 51.57 51.70/52.39 0.3/1.6 0.77/0.77/0.78 53.36 −3.47
R40 52.52 46.42/48.45 −13.1/−7.5 0.79/0.7/0.73 40.21 23.44
∗CBC boundary conditions.

where𝑊 is the volume of stiffening and𝑊
0
is the volume of

the shell wall removed by the cutout. The unstiffened cylin-
ders R33, R35, and R36 had 𝛾 = 0 due to lack of reinforce-
ment. On the other hand, 𝛾 values for cylinders R37, R38, and
R39 amounted to 0.44, 0.062, and 0.015, respectively. Toda
[23] observed that, in general, the buckling load of an unstiff-
ened cylindrical shell with a reinforced cutout would increase
as 𝛾 increases, which agrees with the results presented herein.

Moreover, Toda also demonstrated that the effect of
circular cutouts on buckling loads of cylindrical shells can be
determined by the 𝛼 parameter calculated as

𝛼 =
𝑎

√𝑅 ⋅ 𝑡

, (4)

where 𝑎 = 𝐷/2, 𝑅 = 𝐷shell/2, and 𝑡 is the wall thickness of the
unstiffened cylinder. For𝛼 < 1, cutouts exhibit no appreciable
effect on the buckling strength of the cylinder. Buckling load
is greatly reduced in the range of 1 < 𝛼 < 2 and continues
to decrease slightly as 𝛼 increases. Furthermore, increasing
the value of 𝛾 parameter at a fixed 𝛼 leads to the growth of
buckling load (up to that of intact shell for sufficiently large
𝛾) [23]. For our study cases, the 𝛼 parameter is equal to 1.34
for the cylinder R37 and takes the value of 3.57 for both R38
and R39 cylinders. This, together with the 𝛾 values of these
shells discussed above indicates that the buckling load of R37
should be higher than that of R38 and R39 and also that
the buckling load of R38 should exceed that of R39. Such
a predicted ranking of buckling loads is confirmed by the
experimental results presented in Table 3.

Furthermore, Yılmaz et al. [24] calculated the knock-
down factor for the buckling load of unstiffened cylindrical
shells with cutouts as a function of the 𝛼 parameter. Their
results agree with Toda’s findings [23] and the experimental
results presented in Table 3.

5.2. FEM Modeling of Buckling. As the numerical model
of cylindrical shells, finite element model composed of
SHELL281 shell elements, comprising 130 elements around
the circumference and maintaining about 12 × 12mm mesh
aspect ratio, was selected based on mesh sensitivity analy-
ses. The experimentally determined mid-surface imperfec-
tions, as well as bonding line thickness imperfections, were
implemented into the finite element model for each shell.

A nonlinear analysis of buckling was performed, as described
in Section 4, considering both RBC and CBC cases of bound-
ary conditions for shells. The resulting buckling loads are
presented in Table 4 for intact shells and in Table 5 for shells
with cutouts.The knock-down factor (KDF), presented in the
Tables, is calculated with respect to the buckling eigenload of
a perfect intact cylinder, estimated by linear FEM analysis at
66.74 kN.

Comparison of the FEM results of buckling loads with
their experimental values revealed that applicability of the
simplified CBC was limited to shells which contained only
mid-surface and bond-line imperfections. It is seen in Table 4
that in this case both CBC and RBC yield very close results
which, moreover, are also in good agreement with the test
results.

For shells containing cutouts, the local reduced stiffness
in the cutout region is not adequately allowed for in FEM
modelwithCBCdue to the uniformedge translation imposed
(i.e., displacement control). By contrast, the RBC model
properly reflects such a reduced stiffness via the structural
response through bending of the rigid elastic adapter and
bending of the loading plates that can actually be considered
as cantilever plates. Implementation of the RBC into the
FEM model markedly improved prediction accuracy of the
buckling load, as seen in Table 5.

As an example, experimental and predicted load-shorten-
ing curves for shells with and without cutouts are presented
in Figure 10. Virtually no difference in the predicted shell
response under CBC and RBC is seen for the intact shell
R34 up to buckling. By contrast, for the shell R35 weakened
by a cutout, the theoretical load-shortening diagrams diverge
markedly upon local buckling of the shell at the cutout, with
CRC producing a stiffer response and greater global buckling
load. FEM analysis with RBC captures reasonably accurately
both the local buckling, manifesting by a slight drop in load
with subsequent lower slope of load-shortening diagrams
seen in Figure 10(b), and the global buckling.

5.3. Application of VCT. The standard VCT is being applied
to structural elements for which the shape of the vibration
mode, where the frequency of which is monitored during
compressive loading, matches or is close to their buckling
mode shape [8]. This is clearly not the case for the first
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Table 5: Numerical buckling load prediction and VCT results for shells with cutouts.

Cylinder
Experimental
buckling load

[kN]

Numerical
predicted

buckling load
[kN] RBC/CBC

Deviation from
experimental
results [%]
RBC/CBC

KDF
EXP/RBC/CBC

Predicted
buckling load by

VCT [kN]

Deviation from
experimental
results [%]

R36 25.39 31.22/36.92 18.69/31.25 0.38/0.47/0.55 29.81 −17.4
R33 25.85 (21.2)∗ 28.80/36.88 10.22/29.90 0.39/0.43/0.55 — —
R35 25.05 (21.5)∗ 28.51/36.66 12.14/31.66 0.38/0.43/0.55 — —
R37 43.79 47.42/49.41 7.64/11.37 0.66/0.71/0.74 41.59 5.0
R38 27.93(26.76)∗ 31.48/35.10 11.26/20.43 0.42/0.47/0.53 — —
R39 28.12 (27.2)∗ 31.33/38.29 10.24/26.58 0.42/0.47/0.57 24.94 11.3
∗Load at the onset of local buckling.
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Figure 10: Experimental and predicted load-shortening curves for the shell R34 without cutout (a) and shell R35 with a cutout (b).

vibration mode monitored during axial compression for
either the intact cylinders (cf. Figure 8(a) and Table 2) or the
cylinders with cutouts (cf. Figure 8(b) and Table 3).

However, the modified VCT developed in [17] allows
correlating reduction of the first natural frequency of an
unstiffened cylindrical shell under axial compression to the
buckling load when the buckling mode differs from the
vibration one. In the following, we check the applicability of
the modified VCT [17] to the unstiffened aluminium shells.

Natural frequency response of the intact shells, free from
loading, is shown in Figure 11(a). Vibration characteristics of
the different shells are seen to be rather similar as would be
expected for cylinders of the same dimensions and material.

The limited variability present is thought to be stemming
mostly from the differences in geometrical mid-surface and
bond-line imperfections among shells. The first vibration
mode was identified from natural frequency response of
each cylinder (Figure 11(a)), and its variation was monitored
during axial compressive loading of the shell. The experi-
mentally determined reduction of the vibration frequencies
of intact shells with incrementally growing load is presented
in Figure 11(b). It is seen that the scatter in the first natural

frequency among specimens also decreases with increasing
load.

Using the frequency variation data presented in
Figure 11(b) and the critical load of a perfect intact cylinder
estimated by FEM, the plots of (1 − 𝑝)2 versus 1 − 𝑓2 were
constructed for the pooled data of shells R31, R32, R34,
and R40 characterized by relatively small imperfections
and for pooled data of shells R29 and R30 having larger
imperfections. (Each of the two sets of shells mentioned
was produced under the same conditions resulting in
close imperfection signatures within a set, which allowed
considering the shells as nominally identical within each set.)
The respective plots are shown in Figure 12 together with a
second-order fitting curve as stipulated by the modified VCT
[17]. From the minimum of the approximating second-
order polynomial, the numerical value of the factor 𝜉2
characterizing the reduction of buckling load caused by shell
imperfections was determined as 𝜉2 = 0.0609 for the set
of Figure 12(a) and 𝜉2 = 0.1824 for the set of Figure 12(b).
Buckling load predicted by the modified VCT using (2) for
the shells R31–R40 amounted to 50.27 kN, which is very
close to the average experimental buckling load 52.0 kN of



Shock and Vibration 11

0

0.00002

0.00004

0.00006

0.00008

0.0001

0.00012

240 290 340 390

M
ag

ni
tu

de
 (m

/s
)

Frequency (Hz)

R29
R30
R31

R32
R34
R40

(a)

200

210

220

230

240

250

260

0 10 20 30 40

Fr
eq

ue
nc

y 
(H

z)

Load (kN)

R29
R30
R31

R32
R34
R40

(b)

Figure 11: Natural frequency response of intact unloaded cylinders (a) and reduction of the first natural frequency with increasing axial load
(b).
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Figure 12: Plot of (1 − 𝑝)2 as a function of 1 −𝑓2 and the second-order fit for the sets of cylinders with comparatively small (a) and larger (b)
imperfections.

these shells. Similarly, a good agreement of the predicted,
38.2 kN, and average experimental, 37.3 kN, buckling loadwas
obtained for the shells R29 andR30with larger imperfections.
Notably, comparable accuracy of the VCT approach has also
been reported in [18] for unstiffened cylindrical composite
shells.

Such a good predictive capacity lends credence to the
semiempirical VCT considered, but it should also be noted
that capturing the vibration response of a set of nominally
identical specimens up to a relatively high level of applied
force 𝑃 may not always be feasible in practice. In order to
evaluate the effect of maximum load used in VCT on the
prediction accuracy of buckling load, the latter was evaluated
by the modified VCT for each specimen and load increment
separately. The results are presented in Figure 13 in terms of
the relative accuracy of prediction, characterized by the ratio
of predicted and experimental buckling loads 𝑃pred/𝑃exp, as
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Figure 13: Predicted buckling load 𝑃pred of an intact shell versus the
maximum applied load 𝑃 used in VCT, normalized by experimental
buckling load of the shell 𝑃exp.
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Figure 14: Natural frequency response of unloaded cylinders with cutouts (a) and reduction of the first natural frequency with increasing
axial load (b).
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Figure 15: Plot of (1 − 𝑝)2 as a function of 1 − 𝑓2 and the second-order fit for cylinders with cutouts that failed without (a) and with local
buckling preceding global instability (b).

a function of the maximum load used in VCT expressed as
a fraction of the buckling load, 𝑃/𝑃exp. Data for 𝑃/𝑃exp >
0.5 only are plotted since the VCT approach considered has
been shown to yield insufficiently accurate results for smaller
values of the maximum normalized load [18]. The numerical
values of 𝑃pred estimated using data up to the maximum
applied load 𝑃 for each shell are also given in Table 4.

It is seen in Figure 13 that the relative error of prediction
can reach up to 30% if 𝑃 is limited by 60% of 𝑃exp. However,
the accuracy of VCT can bemarkedly improved by extending
the loading range: when 𝑃/𝑃exp ≥ 0.62, the predicted buck-
ling load differs by less than 10% from the experimental one
for five of the six cylinders tested; even for the outlier R30, the
error does not exceed 15%.

In order to further increase the accuracy of prediction,
simultaneous monitoring of evolution of several vibration
modes under axial load could be considered in the modified
VCT. The results reported in [19] revealed that that using
the second vibration mode for estimation of the buckling

load provided closer conservative prediction in some cases.
Combining the data for several vibration modes of the same
specimen may facilitate both accuracy and robustness of
VCT, and validation of such an approach is the subject of
further research.

Natural frequency response of free shells with cutouts
shown in Figure 14(a) exhibited considerable variability
among shells, presumably caused by differing diameters of the
open holes and the reinforcement rings. The variability also
persisted when the shells were subjected to axial loading, as
seen in Figure 14(b) presenting experimentally determined
reduction of the first natural frequency of each shell as a
function of the axial compressive load.

Experimental results of the variation of frequency with
axial load were normalized as above, obtaining (1−𝑝)2 versus
1 − 𝑓
2 data for each shell which were approximated by a sec-

ond-order polynomial.The data and the best-fit polynomials,
extrapolated in order to graphically reveal their minima, are
plotted in Figure 15. It is seen that, for part of the cylinders



Shock and Vibration 13

with cutouts, the modified VCT produced negative values of
𝜉
2 which is physically inadmissible. The reason the modified
VCT failed for specimens with open holes is apparently
related to a more complicated evolution of instability in the
presence of a cutout. Specifically, for majority of the cylinders
tested, a local buckling at the cutout was observed to precede
the global one. VCT plots for these specimens are presented
in Figure 15(b).

Appearance of the local buckling was associated with
larger cutouts as follows fromTable 3. Even for the shells R36,
R37, and R39 for which the modified VCT could formally be
applied since positive values of 𝜉2 were obtained, the accuracy
of prediction was not uniform; see Table 5.

Apparently, further work is needed to develop a nonde-
structive testmethod applicable toweakened shells exhibiting
stable local buckling modes preceding the global buckling.
A potentially fruitful alternative to monitoring the vibration
response of the whole shell under load could be exploring
the variation of local characteristics of the shell at the spots
likely to undergo instability [25]. Additional tests are cur-
rently under development to further validate this proposed
approach.

6. Conclusions

In general, the presence of a circular open-hole cutout was
found to reduce the buckling load in axial compression of
thin-wall unstiffened cylindrical shells produced from alu-
minium sheet by up to 50%with respect to intact shells. Rein-
forcement by a ring of the same material, adhesively bonded
around cutout, alleviated its detrimental effect, and wider
reinforcement rings lead to smaller reduction in buckling
load due to cutout.

The modified VCT has been demonstrated to be an effi-
cient tool for nondestructive prediction of the load-carrying
capacity of intact shells. The discrepancy of the predicted
and experimental critical load of less than about 10% was
attained when the reduction of fundamental frequency of a
shell was monitored under axial loads in excess of 60% of
the buckling load. By contrast, appearance of a local buckling
at the cutout, preceding the global buckling of a shell, was
found to invalidate the considered VCT for shells with holes.
Notably, a good agreement between the experimental and
predicted buckling load from VCT was observed for the R37
cylinder possessing a relatively high stiffening ratio 𝛾 and low
𝛼 parameter value. Further testing should be conducted in
order to seek a correlation between these two parameters and
the range of applicability of VCT for cylindrical shells with
reinforced cutouts.

Implementing the experimentally determined geometri-
cal imperfections of shells in a nonlinear analysis of instability
by FEM enabled accurate prediction of buckling load of the
intact shells, with the maximum error less than 15%. For
shells with cutouts, the importance of applying the actual
boundary conditions, allowing for deformations of the load-
ing set-up during tests, was revealed. Specifically, the buck-
ling load was overestimated by up to 31% under simplified
clamped boundary conditions, while including the appropri-
ate elements of the loading rig in the FEM analysis markedly
increased the accuracy of prediction.
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A B S T R A C T

Traditional buckling experiments of imperfection-sensitive structures like cylindrical shells can cause the per-
manent failure of the specimen. Nevertheless, an experimental campaign is crucial for validation of the design
and numerical models. There is, therefore, interest in nondestructive methods to estimate the buckling load of
such structures from the prebuckling stage. The vibration correlation technique allows determining the buckling
load without reaching the instability point. Recently, a novel empirical vibration correlation technique based on
the effects of initial imperfections on the first vibration mode demonstrated interesting results when applied to
composite and metallic unstiffened cylindrical shells. In this context, this paper explores this novel approach for
determining the axial buckling load of a metallic orthotropic skin-dominated cylindrical shell under internal
pressure, which represents a simplified downscaled model of a launcher propellant tank. An experimental
campaign consisting of buckling tests and noncontact vibration measurements for different axial load levels is
conducted considering the specimen without and with three different internal pressure levels. The experimental
results validate the above-mentioned vibration correlation technique for determining the axial buckling load of
pressurized cylindrical shells. Moreover, finite element models are calibrated in order to evaluate the frequency
variation within a broader and dense range of the axial loading leading to an assessment of the considered
maximum load level and number of load steps as related to the deviation of the estimation. The results corro-
borate the applicability of the vibration correlation technique as a nondestructive experimental procedure to
assess the axial buckling load of imperfection-sensitive orthotropic skin-dominated cylindrical shells under in-
ternal pressure.

1. Introduction

The vibration correlation technique (VCT) applied to thin-walled
structures combines an initial numerical or analytical model with
measured data prior to buckling to estimate the actual buckling load of
the structure. In practice, the initial model concerns analytical or finite
element (FE) analyses of the perfect structure to calculate the linear
buckling load and the measurements consist of a sequence of vibration
tests for different axial compression load levels in order to quantify the
variation of the natural frequencies of vibration with the applied load.
The VCT can be classified into indirect and direct methods [1]. Indirect
methods determine the actual boundary conditions to update the initial
model improving the estimation of the buckling load [2]. On the other

hand, direct methods consist of a curve fitting procedure relating the
natural frequencies at different load levels prior to buckling to the
applied axial compression load and, from this relationship, the buckling
load is extrapolated [1]. General steps for applying a VCT for direct
estimation of the buckling load can be established as:

1. Use the initial model to calculate the natural frequencies at zero
load level and the buckling load of the perfect structure, which can
be global or local buckling depending on the structure.

2. Perform a vibration test considering the unloaded structure.
3. Compare the experimental results of the natural frequencies to the

calculated ones for validation of the initial boundary conditions of
the numerical model.
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4. Apply the axial load stepwise and observe the reduction in the
natural frequencies (up to the maximum vibration mode of interest)
as the axial compression load is increased up to a specific load level,
which must be below the predicted buckling load.

5. Plot the applicable VCT chart for the appropriate vibration mode.
6. Estimate the buckling load of the structure based on the VCT results.

The VCT is a straightforward nondestructive experimental proce-
dure for beam structures. The differential equation governing the free
vibration of an axially loaded simply supported column, in which the
vibration and buckling modes exactly match, results in a linear re-
lationship between the natural frequency squared and the applied load
[1]:

+ =f p 12 (1)

where f is the ratio between the loaded natural frequency ω̅ and the
unloaded natural frequency ω, both associated with the same vibration
mode, p is the ratio between the applied axial load P and the critical
buckling load PCR. The buckling load is associated with the applied load
were the natural frequency of vibration is equal to zero; therefore, once
measured frequency data is available for different compression load
levels a best-fit linear relationship in the classic characteristic chart f 2

versus p can be found and extrapolated to the buckling load.
To the best of the authors’ knowledge, the concept of relating ap-

plied axial load to natural frequencies for estimating the buckling load
is accredited to Sommerfeld at the beginning of the 20th century [3].
The author verified that the natural frequency of a clamped-free column
with a variable mass at the free end decreases approaching zero as the
mass was increased approaching the amount required to buckle the
structure. Nevertheless, additional experimental investigations con-
sidering the VCT dated only from the 1950s, see for instance [4,5]
among others. Even though the relationship between applied load and
natural frequency squared deviates slightly from the linearity when
other than simply supported boundary conditions are considered, the
linear best-fit technique still presents good accuracy as verified in
[4,6,7].

The use of VCT to directly estimate the buckling load of imperfec-
tion-sensitive structures like plates and cylindrical shells continues as
an open and important research topic [8]. Although the linear re-
lationship between applied load and frequency squared can be de-
monstrated for simply supported plates and cylindrical shells [9], its
applicability is restricted to imperfection-insensitive structures. Lurie
[4] was not able to validate the mentioned linear relationship for
simply supported flat plates in the 1950s. In the 1970s, Chailleux et al.
[7] succeeded in applying the linear best-fit technique considering
simply supported flat plate specimens with small imperfections. More
recently, Chaves-Vargas et al. [10] explored the best-fit linear re-
lationship between the natural frequency squared and the applied load
to assess the buckling load of flat carbon fiber-reinforced polymer
(CFRP) stiffened plates.

Considering more imperfection-sensitive structures, as curved pa-
nels and cylindrical shells, modified VCT approaches were proposed to
account for the more complex relationship between natural frequency
and applied load [1]. Radhakrishnan [11] suggested tracking the vi-
bration mode similar to the buckling mode and extrapolating the final
linear path of the classic characteristic chart to the applied load axis.
The author obtained exact results for tubes made of Hostaphan.

Assuming that the VCT applied to direct predictions of the buckling
load of cylindrical shell structures is essentially a curve fitting proce-
dure to the experimental results, a method based on an optimal para-
meter q and a linear best-fit approximation was proposed by Segal [12],
as referenced in [1]. The author investigated the methodology for 35
experiments and achieved a considerable reduction in the scatter of the
knock-down factors (KDF) when compared to the indirect VCT method
based on Eq. (1) [1]. In addition, Plaut and Virgin [13] investigated the
mentioned method through an analytical study for upper and lower

bounds characterization of the buckling load.
Souza et al. [14] and Souza and Assaid [15] proposed VCT ap-

proaches for structures presenting unstable postbuckling behavior. In
Souza et al. [14] a modified characteristic chart is proposed in the form
− p(1 )2 versus −f1 4; besides, the critical buckling load is evaluated as:

=

−

P ω P
ω ω̅CR

2
1

2
1
2 (2)

where P ω( , ̅ )1 1 is a measured point of the experiment. The value of
− p(1 )2 for − =f1 14 is denominated ξ 2 and it represents the square of

the drop of the load-carrying capacity due to initial imperfections. The
VCT estimation of the buckling load is defined in terms of ξ as:

= −P P ξ(1 )VCT CR (3)

In Souza and Assaid [15], the authors suggested representing the
classic characteristic chart by a cubic parametric curve; furthermore,
the Hermite form was considered to define the parametric equations.
Both methods proposed by Souza and his colleagues [14,15] were va-
lidated based on experimental results of stiffened cylindrical shells
tested at Technion, which are available in [16].

Abramovich et al. [8] investigated the applicability of a VCT based
on a second-order best-fit relationship of the classic characteristic chart
for stringer stiffened curved panels. The VCT predictions accounting for
load levels up to 50% of the buckling load of the perfect structure were
reasonable; however, the authors suggested load levels near the typical
sharp bend of the frequency squared versus applied load relation for
improving the accuracy.

Arbelo et al. [17] proposed a novel empirical VCT modifying the
work done by Souza et al. [14]. The authors suggested evaluating the
second-order best-fit relationship of the results in the modified char-
acteristic chart − p(1 )2 versus −f1 2. The second-order relationship is
evaluated for the minimum value of the − p(1 )2 axis, which is defined
as ξ 2. The actual buckling load is calculated by Eq. (3) as suggested in
Souza et al. [14]. Moreover, this method relies on the effects of the
initial imperfections in the vibration response of the structure and, ty-
pically, the first two or three natural frequencies can be investigated.
Four experimental campaigns were performed to validate the proposed
VCT in [18–21].

Arbelo et al. [18] performed tests considering three identical CFRP
unstiffened cylindrical shells and the variation of the first natural fre-
quency was tracked through the load steps. The VCT results were in
good agreement with the buckling load – within 2.3% and 7.8% of
deviation. Kalnins et al. [19] tested two CFRP and two metallic un-
stiffened cylindrical shells and good correlations were found for the first
and second vibration modes, within 0–10% deviation from the buckling
load. Skukis et al. [20] tested two identical CFRP unstiffened cylindrical
shells. The VCT estimations based on the first vibration mode presented
good correlation with the buckling load, within 4.8% and 8.4% of de-
viation. Furthermore, the authors performed a statistical evaluation of
the VCT estimations and concluded that using load steps up to 65% of
the buckling load gives a reliability close to 90%. Skukis et al. [21]
tested thin-walled cylindrical shells with and without a cutout. The
authors demonstrated that the method applied to first vibration mode
measurements leads to good results when the failure of the specimen is
governed by a global failure mode, which was observed for uncut and

Table 1
Geometric characteristics of the Z38 structure.

Description Symbol Magnitude

Total height [mm] L 1000.00
Outer best-fit radius [mm] R 400.38
Skin's thickness [mm] t 0.55
Stiffeners’ height [mm] HST 5.20
Stiffeners’ thickness [mm] tST 0.55
Distance between stiffeners [mm] b 19.97
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cut structures considering a reinforcement in the cut region, loaded up
to at least 60% of the buckling load. On the other hand, the authors
concluded that the VCT method proposed in [17] is not applicable
when a local failure mode governs the failure behavior of the structure.

In this context, the above-mentioned VCT is a promising method for
assessing the buckling load of imperfection-sensitive cylindrical shell
structures, like thin-walled skin-dominated orthotropic shells for aero-
space applications, through a nondestructive experiment. In particular,
for launch vehicles applications, the operational load envelope imposes
high compressive loads, which causes buckling to be one of the main
sizing criteria in the development phase of the structural design. In
addition to the compressive load, there is usually the pressurized

condition, which increases the axial buckling load and reduces the
destabilizing effect of initial imperfections [22]. Nevertheless, the skin-
dominated orthotropic cylinder can still experience unstable buckling
phenomenon; thus, the above-mentioned structures are sized as an
imperfection-sensitive cylindrical shell [22]. Hence, there is interest in
investigating nondestructive experimental procedures for the buckling
load of such structures considering operational conditions.

Therefore, the present work explores the empirical VCT method
proposed in [17] considering a metallic skin-dominated orthotropic
cylindrical shell with and without internal pressure, in which the spe-
cimen and the loading condition are both representative of a real
launcher vehicle's structure. Throughout the present study, an experi-
mental campaign is proposed validating the above-mentioned method
for the estimation of the axial buckling load of pressurized skin-domi-
nated cylindrical shells. Additionally, an FE model is adjusted and
considered for a thoroughly evaluation of the tendency of the VCT es-
timated buckling load, which provides an insight on the suitable
number of load steps and the maximum axial load level to be con-
sidered in the experiment. In addition, the development of non-
destructive experimental procedures for imperfection-sensitive struc-
tures consists of an important step in the implementation of robust
design guidelines like in the just finished European Union project “New
Robust Design Guideline for Imperfection-Sensitive Composite
Launcher Structures” (DESICOS) [23].

2. Test structure

The research concerns a metallic orthotropic skin-dominated cy-
lindrical shell designed for elastic buckling named Z38 made of alu-
minum alloy AL7075-T7351. The specimen consists of a milled panel
with 126 closely spaced integral blade stiffeners and, as usual for me-
tallic cylindrical shells manufactured for space applications, the joint
edge of the cylinder was welded using an electron beam based process.
Table 1 describes and presents the magnitudes of the main nominal
geometric characteristics of the cylinder Z38 while Fig. 1 shows an
isometric view of the structure and detailed schematic views of the
stringers and the welding seam.

Table 2 presents the mechanical material properties of the alu-
minum alloy AL7075-T7351, obtained from Metallic Materials Prop-
erties Development and Standardization (MMPDS) [24].

Considering the boundary conditions, the cylindrical shell was
potted into circular steel rings with 20mm in height using an epoxy
resin. The inner and outer rings provide rectangular and trapezoidal
cross-sections for the resin areas, respectively; Fig. 2 presents views of

Fig. 1. Isometric view of the cylinder and detailed schematic views of the stiffeners and welding seam.

Table 2
Mechanical material properties of the aluminum alloy AL7075-T7351 [24].

Description Symbol Magnitude

Compressive elastic modulus [MPa] EC 73,084
Poisson's ratio ν 0.33
Mass density [kg/m3] ρ 2796

Fig. 2. Cross-section of the resin areas.
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the bottom and top cross-sections of the resin areas and their main
dimensions and Fig. 3 shows an overview of the cylinder potted into the
steel rings (a) and a detailed view of the upper steel ring (b).

Prior to the experimental campaign, a digital image correlation
(DIC) system based on photogrammetry, named ATOS, was used for
measuring the initial geometric imperfections of the potted cylindrical
shell. Through this procedure, the outer surface of the shell was

measured and its deviation based on the ideal best-fit geometry stored,
as presented in Fig. 4 (in mm). These measurements were used to up-
date the initial position of the nodes in the nonlinear FE models.

3. Experimental campaign

This section provides a description of the procedures executed

Fig. 3. Cylinder Z38 potted into the steel rings.

Fig. 4. Measured initial imperfection signature.

Fig. 5. Cylinder Z38 positioned in the test facility. Fig. 6. Scheme representation of the pressure control system.
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during the test campaign, as well, it presents the experimental results
for the buckling and vibration tests.

3.1. Test procedure

The experimental campaign was performed in a buckling test fa-
cility at DLR Institute of Composite Structures and Adaptive Systems.
The test rig consists of an axially supported top plate and a lower drive
plate activated by a servo controller hydraulic cylinder. Between the
top plate and the test specimen, a load distributor was placed to ensure
an equal force distribution within three load cells, which were used for
measuring the applied load. Moreover, a thin layer of epoxy concrete,
consisting of epoxy reinforced with a mixture of sand and quartz
powder, was added to the interface between the lower drive plate and
the specimen in order to overcome any further misalignment and to
enclose the cylindrical shell volume for applying the internal pressure.
More details of the mentioned test facility and its established proce-
dures for buckling tests are published in [25,26]. Fig. 5 presents an
overview of the cylinder Z38 positioned in the test facility.

Considering the loading procedure during the vibration tests, first,
the specimen was loaded with internal pressure, which was applied at a
constant rate of 0.03 bar/min from zero to the desired magnitude. A
closed-loop control was used within the pressure system to preserve the
applied pressure constant during the axial loading, see the scheme re-
presented in Fig. 6. In sequence, the specimen was loaded in com-
pression using displacement control at a constant velocity of 0.12mm/
min. Once the desired load level was reached, the movable lower drive
of the test facility is held in place so the vibration test can be started.
For the buckling tests, the displacement control was applied until
buckling takes place and the movable lower drive was held on the in-
itial postbuckling load so the surface displacements were measured.

Additionally, during the axial loading of the cylindrical shell, a

second DIC system, named ARAMIS, was used for recording the in-
plane deformations and out-of-plane displacements. Prior to the test,
the surface of the cylindrical shell was painted with a dotted pattern.
Two pairs of cameras were available during the test campaign, the first
pair was positioned around the welding seam and the second was po-
sitioned where the buckling was expected to initiate. The DIC results
were postprocessed and qualitatively compared with the FE model.

Concerning the vibration tests for VCT purposes, the cylindrical
shell was exited with a random signal using a mechanical shaker while
a laser scanning vibrometer was used for assessing the modal para-
meters for the entire signal spectrum. The laser scanning vibrometer
was positioned covering a segment of the cylindrical shell surface de-
fined by an arc length of 459mm and a height of 768mm considering a
mesh of 9 per 11 measured points, as shown in Fig. 7. For each mea-
sured point at least three measurements were taken for averaging the
signal; moreover, it was assumed a frequency band from 80Hz to
200 Hz considering 480 spectral lines resulting in a frequency resolu-
tion of 0.25 Hz.

3.2. Experimental results

Four compression tests were performed, one unpressurized and
three pressurized with different internal pressure levels. The internal
pressure levels were chosen based on FE analyses aiming to achieve a
substantial increase in the buckling load within the elastic range.
Although the specimen was sized for elastic buckling, the test campaign
considered all the VCT measurements performed prior to the buckling
tests; moreover, before and after each buckling test, measurements of
the surface displacements were taken and compared to ensure no plastic
deformations. At least one buckling test per internal pressure level was
conducted.

Table 3 shows the buckling load PEXP m n,( , ) and the first natural

Fig. 7. Grid of measured vibration points.

Table 3
Experimental results of the buckling and vibration tests.

Unpressurized PINT : 0.01 [bar] PINT : 0.02 [bar] PINT : 0.03 [bar]
PEXP,(1,8): 86.53 [kN] PEXP,(2,10): 104.36 [kN] PEXP,(2,10): 116.80 [kN] PEXP,(2,10): 127.86 [kN]

Pi [kN] F1̅,(1,9) [Hz] Pi [kN] F1̅,(1,9) [Hz] Pi [kN] F1̅,(1,9) [Hz] Pi [kN] F1̅,(1,9) [Hz]

14.59 93.50 16.30 105.50 19.24 116.00 20.42 124.25
36.27 86.00 42.84 98.00 46.96 108.50 50.86 117.00
44.29 83.00 65.05 90.50 65.30 103.25 70.54 111.75
62.05 75.50 70.11 88.75 77.38 99.25 85.01 108.00
66.36 73.50 74.18 87.25 82.59 97.25 88.45 106.75
68.04 72.25 76.46 86.50 85.45 96.75 93.43 105.75
70.33 71.25 83.37 83.25 88.47 95.75 96.83 104.25
72.73 69.00 87.30 81.50 92.60 94.50 100.80 103.50

Fig. 8. Experimental load-shortening curves and initial postbuckling displace-
ments.
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frequency F ̅ m n1,( , ) for each compressive load step Pi considering all the
internal pressure levels PINT , wherem is the number of axial half-waves
and n the number of circumferential waves associated with the corre-
sponded buckling or vibration mode; these results were extrapolated
from the measured data.

Fig. 8 presents the load-shortening curves and the shape of the
postbuckling displacements for each internal pressure level.

From Fig. 8, one may notice that there is a shift between the origin
of the chart and the initial load level, this effect is inherent to the ex-
perimental procedure once for low load levels there is clearance be-
tween the edge of the cylinder and the surface of the steel rings.

Fig. 9 presents the first vibration mode shape measured at the first
compressive load step: 14.59, 16.30, 19.24, and 20.42 kN for un-
pressurized, 0.01, 0.02, and 0.03 bar, respectively.

3.3. Additional measurements

Riga Technical University (RTU) performed a set of independent
measurements of the vibrations of the cylindrical shell for 12 load steps
within the unpressurized and 0.03 bar tests. This procedure considered
a second laser scanning vibrometer positioned in a different location of
the cylindrical shell, which was closer to the mechanical shaker. A
different approach based on a denser mesh consisted of 214 measured

points and one vibration measurement per point was employed. The
measurements considered a frequency band from 20Hz to 200 Hz and
720 spectral lines resulting in a frequency resolution of 0.25 Hz. Table 4
compares the DLR and RTU measurements for the first natural fre-
quency F ̅ m n1,( . ) considering chosen compressive load levels Pi for the
unpressurized and 0.03 bar of PINT tests.

From Table 4, it can be noticed that both measurements have an
excellent correlation, once only three pairs of measurements are slightly
different, as highlighted. This procedure corroborated both strategies as
equivalent and hereafter the results from DLR are considered for the
VCT assessment.

4. Finite element analyses

Finite element analyses were performed using the commercial FE
solver Abaqus Standard 6.16®. Based on previous investigations
[27–29], the Newton-Raphson iterative procedure with artificial
damping stabilization was used as the nonlinear solver for the axial
loading step. When considered, the nonlinear preload step for applying
internal pressure was based on the Newton-Raphson solver without
artificial damping. For the eigenvalues problems, i.e. linear buckling
and free vibration analysis, the default Lanczos solver was employed.

Fig. 9. First vibration modes measured at the first compressive load step from Table 3.

Table 4
Comparison between DLR and RTU vibration tests.

Unpressurized PINT : 0.03 [bar]

Pi [kN] F ̅ DLR1,(1,9), [Hz] F ̅ RTU1,(1,9), [Hz] Pi [kN] F ̅ DLR1,(1,9), [Hz] F ̅ RTU1,(1,9) [Hz]

4.62 96.75 96.75 6.10 128.00 128.00
32.13 87.50 87.50 77.38 110.25 110.00
57.99 77.25 77.25 85.01 108.00 108.00
62.05 75.50 75.25 88.45 106.75 106.75
66.36 73.50 73.50 93.43 105.75 105.75
70.33 71.25 72.75 96.83 104.25 104.25
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4.1. Detailed boundary conditions and definition of the finite element mesh

The skin and stiffeners of the cylindrical shell were meshed con-
sidering linear quadrilateral thin-shell elements with 4 nodes, 6 degrees
of freedom per node and reduced integration; labeled S4R elements in
Abaqus® library. Detailed boundary conditions were considered, thus,

the FE models are based on the total length of the cylinder and the resin
potting regions are represented by 3D elements. The solid and shell
meshes are coincident within the coordinate perpendicular to the re-
garded interface and the connections between them were modeled by
constraint equations. This approach has been validated for CFRP un-
stiffened cylindrical shells [28,29] and, it was here extended for the

Fig. 10. Schematic views of the boundary conditions of the bottom resin areas as defined in the FE models.

Table 5
Summary of the parameters of the FE models.

Solver Standard

Shell element type S4R
Solid element type C3D8R
Number of nodes 53,396
Elements around the cylinder's circumference 256
Elements through the stiffeners’ height 2
Elements through the resin areas’ height 3

Fig. 11. Isometric view of the FE mesh and schematic detailed view of the geometry representing the cross-section area of the shell elements.

Table 6
Linear buckling load and unloaded first natural frequency as related to the
internal pressure level.

PINT [bar] PCR (m, n) [kN] F1,(1,9) [Hz]

Unpressurized 109.10 (2,12) 97.75
0.01 120.70 (3,14) 111.76
0.02 130.35 (3,13) 122.72
0.03 139.35 (3,13) 131.57
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case of a stiffened skin-dominated structure. Moreover, the FE models
consider an open cylinder, therefore, only circumferential prestresses
were considered and there was no relaxation of the axially applied load
in the model, which is slightly different from the experimental condi-
tion – about 1.5 kN for the worst case (0.03 bar).

Fig. 10 presents schematic views of the boundary conditions of the
bottom resin areas as considered in the FE analyses, which were as well
employed in the top resin areas. It is important to mention that the
0.25mm difference between the thickness of the inner resin rings and
the height of the stiffeners, as can be seen in Fig. 1, was not considered.

Based on convergence studies, the FE models consider 256 elements
over the circumference (two elements between stiffeners for most of the
bays), two elements within the stiffeners’ height and three elements
through the region of the detailed boundary conditions. A finer mesh (4
elements between stiffeners) was considered in the bay that contains
the welding seam aiming a better representation of the locally scattered
initial imperfections and in the welding seam opposite bay for keeping
the model's symmetry. Elements in other directions were chosen auto-
matically considering a global size of 13.2 mm. Thus, the FE models
consider 39,624 shell elements (S4R) associated with 40,132 nodes and
4608 linear hexahedral elements (C3D8R) associated with 13,264
nodes. In addition, the FE mesh considers the inner surface of the cy-
linder as a reference, hence, the elements associated with the skin
consider offset avoiding a superposition of the skin and stiffeners cross-
section areas.

Table 5 presents a summary of the parameters of the FE models
while Fig. 11 shows an isometric view of the FE mesh and a schematic
detailed view of the geometry representing the shell elements cross-
section area in the skin and stiffeners region.

4.2. Definition of the finite element models and numerical results

In order to assess the VCT proposed by Arbelo [17], two FE models
were defined. First, a reference model based on the nominal geometry
of the cylindrical shell with or without internal pressure applied to the
inner surface of the skin of the cylinder was considered for two ei-
genvalue problems: linear buckling and free vibrations analyses. These
results are used as the reference for the numerical and the experimental
evaluation of the VCT. Table 6 summarizes the linear buckling load PCR
and the unloaded first natural frequency F m n1,( , ) as related to the in-
ternal pressure level PINT . Furthermore, the numerical results for the
pair (m, n) are given in front of the respective magnitude of the linear
buckling mode.

As the measured initial imperfection signature was available only
for the outer surface of the cylinder, a linear static step for estimating
consistent stress-free initial geometric imperfections for the stiffeners of
the specimen was defined. Through this step, a python script calculates
new positions for each node associated with the elements of the skin of
the cylinder based on the measured signature. The interpolated initial
positions were applied as radial enforced displacement in the skin of the
cylinder in the linear static step generating consistent deformations for
the stiffeners. The results were used to update the initial position of the
FE mesh considered in the nonlinear static analyses. The described
procedure uses the same inverse-weighted interpolation rule presented
in [27] for the 5 closest measured points. Fig. 12 depicts detailed views
of the deformed cylindrical shell considering the applied stress-free
initial geometric imperfections – the scale is defined in terms of the
radial displacements (in mm).

The second FE model was defined based on a nonlinear static step
considering initial geometric imperfections with or without internal
pressure applied to the inner surface of the skin of the cylinder. Uniform
distributed displacement was applied in the axial direction on the top
edge of the cylindrical shell and, for selected load levels, additional free
vibration analyses were defined. Thus, the main purpose of this model
is to assess the static response and the variation of the natural fre-
quencies of vibration during axial loading of the cylindrical shell. These
results are employed in the numerical evaluation of the VCT method.
Table 7 shows the main parameters considered during the nonlinear
static analyses for axial loading.

Fig. 13 presents a comparison between the numerical and

Fig. 12. Applied stress-free initial geometric imperfections.

Table 7
Nonlinear solver parameters.

Damping factor 10−7

Initial increment 0.001
Minimum increment 10−6

Maximum increment 0.001
Maximum number of increments 10,000
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experimental load-shortening curves and initial postbuckling displace-
ments while Table 8 summarizes the deviations δ between the experi-
mental PEXP and numerical PNUM results of the buckling loads (related to
PEXP from Table 3) with the respective pair (m, n) in front of the
magnitude. Moreover, the KDF are defined based on the linear buckling
loads from Table 6 for the corresponding experimental and nonlinear
buckling loads, named as γEXP and γNUM , respectively.

Analyzing Fig. 13, one may notice that the apparent stiffness of the
cylinder is being correctly represented in the FE models. Moreover, as
shown in Table 8, the deviations associated with the results considering
the internal pressure condition are smaller when compared to the un-
pressurized condition; this can be related to a smaller influence of the
initial imperfection on pressurized cylindrical shells [22]. Given these
points, the numerical results can be considered in good agreement with
the experimental ones as the FE models consider an estimation of initial
imperfections for the stiffeners’ nodes, do not address loading mis-
alignments and, consider typical material properties.

Concerning the numerical frequency variation during axial loading,
40 evenly spaced load steps up to 98% of the nonlinear buckling load
PNUM were selected for assessing the first 10 natural frequencies up to
the vicinity of buckling. The free vibration results were analyzed in
Matlab® through an algorithm based on the modal assurance criterion
(MAC) to identify the variation of each vibration mode during axial
loading; the MAC index performs a comparison between two vectors of
the same length and the index returns a value close to one if a linear
relationship between the two vectors exists and near zero if they are
linearly independent [30].

In this script, the MAC index is calculated between each vibration
mode in the current load step and all the vibration modes of the next
load step, the greater MAC index is assumed to be associated with the
same vibration mode in the next load step so the process starts again
until the final load step is analyzed. Furthermore, a figure is generated
containing top views of the tracked vibration mode associated with
each load step consistent with the MAC-based sequence. Fig. 14 pre-
sents the MAC index variation for the first vibration mode considering
the internal pressure levels.

From Fig. 14, it is possible to conclude that the first vibration mode
for the unpressurized cylindrical shell presents a smooth transition from
one load step to the other until the vicinity of buckling. On the other
hand, for the pressurized cylinders, the first vibration mode presents a

Fig. 13. Comparison between the numerical and experimental load-shortening curves and initial postbuckling displacements.

Table 8
Comparison between the numerical and experimental buckling loads.

PINT [bar] PEXP (m, n) [kN] γEXP PNUM (m, n) [kN] γNUM δ [%]

Unpressurized 86.53 (1,8) 0.79 81.86 (1,8) 0.75 − 5.40
0.01 104.36 (2,10) 0.86 101.27 (2,10) 0.84 − 2.96
0.02 116.80 (2,10) 0.90 113.77 (2,10) 0.87 − 2.59
0.03 127.86 (2,10) 0.92 123.56 (2,10) 0.89 − 3.36

Fig. 14. MAC index variation for the first vibration mode.
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suddenly lost of correlation with relation to the vibration modes from
the previous load step. For all pressure levels, this occurred between the
load steps 38 and 39, which are corresponding to a compressive load
between 92.6% and 95.1% of the nonlinear buckling load PNUM , re-
spectively, indicating that a significant change in the vibration modes
has happened in between these increments. Figs. 15–18 show top views
of the first vibration modes during axial loading consistent with the
MAC index variation ascending from left to right and top to bottom.

From Figs. 15–18, one may visualize the effects of the initial im-
perfections in the first vibration mode of the cylindrical shell as the
compressive load is increased for all internal pressure levels. Further-
more, the results corroborate the applicability of the MAC index for the

proper identification of the vibration mode variation with axially
loading up to the vicinity of buckling.

5. Validation of the vibration correlation technique

Although the method proposed in [17] can be considered for the
first natural frequencies of the cylindrical shell, as presented in [19], for
the specimen herein studied, the numerical and experimental estima-
tions based on the first natural frequency are in better agreement with
the respective numerical and experimental buckling loads. Thus, the
following steps are considered for applying the VCT:

Fig. 15. First vibration mode variation during axial loading – Unpressurized.

Fig. 16. First vibration mode variation during axial loading – 0.01 bar.

Fig. 17. First vibration mode variation during axial loading – 0.02 bar.
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1. Calculate the critical buckling load and the first natural frequency of
the perfect structure. These are reference values for the experi-
mental and numerical evaluations.

2. Track the first natural frequency during axial loading. This step was
completed via FE models and noncontact vibration tests for the
numerical and experimental evaluations, respectively.

3. Plot the charts − p(1 )2 versus −f1 2, where p is the ratio of applied
axial load P and the critical buckling load PCR and f is the ratio of
the first natural frequency at Pi load level F1̅ and the first natural
frequency of the unloaded structure F1.

4. Find the second-order best-fit relationship between − p(1 )2 and
−f1 2 and minimize the quadratic equation for evaluating the square
of the drop of the load-carrying capacity ξ 2.

5. Estimate the buckling load of the structure using ξ as proposed by
Souza [14] and herein presented in Eq. (3).

5.1. Vibration correlation technique applied to the experimental results

The evaluation of the VCT proposed in [17] is carried out taking
into account the experimental results presented in Table 3. Fig. 19
depicts the modified characteristic chart − p(1 )2 versus −f1 2 for each

Fig. 18. First vibration mode variation during axial loading – 0.03 bar.

Fig. 19. Arbelo's VCT applied to the experimental results.

Table 9
VCT applied to the buckling load estimation.

PINT [bar] PMAX [%] PEXP [kN] −PVCT EXP [kN] δ [%]

Unpressurized 66.66 86.53 80.14 − 7.39
0.01 72.33 104.36 93.95 − 9.98
0.02 71.04 116.80 112.09 − 4.03
0.03 72.34 127.86 122.00 − 4.61
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internal pressure level; moreover, the second-order best-fit adjusted
curves and the respective minimum value of the − p(1 )2 axis, regarded
as ξ 2, are highlighted in the chart.

From Fig. 19, one may notice that the second-order relationship
holds for the variation of the natural frequency associated with the first
vibration mode. Moreover, the ξ 2 estimations are decreasing as the
internal pressure level is increased, which is an expected result once
greater values of the KDF are expected for greater internal pressure
levels. Summarizing the results, Table 9 presents a comparison between
the buckling load PEXP and the VCT estimations −PVCT EXP with the re-
spective deviations δ (presented in percentage of the correspondent
magnitude of PEXP) and maximum applied load level PMAX (presented in
percentage of the linear buckling load PCR).

As shown in Table 9, the predictions of the VCT method are in good
agreement with the respective experimental results, within 4.61% and
9.98% in deviation magnitude; moreover, the results are conservative,
once the estimations are smaller than the correspondent experimental
buckling load. Additionally, one may notice that the smaller deviations
are associated with the pressurized tests, which present greater values
of the KDF – 0.02 and 0.03 bar of internal pressure. Furthermore, the
maximum applied load level is 72.34% of the linear buckling load for
0.03 bar of internal pressure, therefore, the method has demonstrated
to be truly nondestructive.

5.2. Vibration correlation technique applied to the numerical results

The FE models results are considered for a numerical assessment of
the VCT as proposed in [17] for a greater number of load steps up to
98% of the nonlinear buckling load. Fig. 20 presents the modified
characteristic chart − p(1 )2 versus −f1 2 for each internal pressure level,
in which the second-order best-fit adjusted curves and the respective ξ 2

are highlighted. For all internal pressure levels, the minimum deviation
is achieved considering all the load steps up to 98% of the nonlinear
buckling load PNUM .

From Fig. 20, the second-order relationship holds for all 40 load
steps until the vicinity of the buckling phenomenon. Similar to the
experimental results, the estimations of ξ 2 are decreasing as the internal
pressure level is increased. In addition, Table 10 presents a comparison
between the nonlinear buckling load PNUM and the VCT estimations

−PVCT NUM with the respective deviations δ (related to the correspondent
PNUM) and maximum applied load level PMAX (presented in percentage
of the linear buckling load PCR).

Analyzing the results from Table 10 and comparing them with the
predictions from Table 9, there is a smaller deviation between the VCT
predicted buckling load and the respective nonlinear buckling load for
all the internal pressure levels, this can be associated with the greater
number of load steps as well with the greater maximum load levels.
Once more, all the VCT predictions are conservative and present a good
correlation to the respective nonlinear buckling load and, similar to the
experimental predictions, the deviations are smaller for greater values
of the KDF.

A priori, the number of load steps and the maximum load level
needed to achieve a good approximation of the buckling load using VCT
are unknown; therefore, one can evaluate the convergence of the
method to support the planning of the test. In this paper, a numerical
study is proposed increasing simultaneously the number of load steps
and the maximum load level to assess the convergence of the VCT

Fig. 20. Arbelo's VCT applied to the numerical results.

Table 10
VCT applied to the nonlinear buckling load estimation.

PINT [bar] PMAX [%] PNUM [kN] −PVCT NUM [kN] δ [%]

Unpressurized 73.53 81.86 78.43 − 4.19
0.01 82.22 101.27 97.30 − 3.92
0.02 85.53 113.77 110.00 − 3.32
0.03 86.90 123.56 119.97 − 2.91
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method. Thus, Fig. 21 depicts the deviation of the VCT estimation as a
function of the maximum load level considered; besides, a tolerance of
10% in magnitude of the deviation is kept as a reference and the
number of estimations within the tolerance is highlighted.

Analyzing Fig. 21, one may conclude that the deviation is de-
creasing as the maximum load level and the number of load steps
considered are increased simultaneously. Additionally, it is noteworthy
that the predictions are conservative as the estimations are always as-
sociated with negative values of the deviation. Furthermore, greater
internal pressure levels, which are associated with greater values of the
KDF, increase the load level required for an estimation within the de-
fined tolerance. To conclude, such results, if available before the VCT
test campaign, could help determining the maximum load level and the
number of load steps considered during the experimental campaign.

6. Final remarks

Throughout this paper, the empirical VCT method proposed in [17]
is verified as a nondestructive experimental procedure for the estima-
tion of the axial buckling load considering a pressurized orthotropic
skin-dominated cylindrical shell. The specimen, a simplified down-
scaled model of a launcher propellant tank, was manufactured con-
sidering standard procedures for aerospace applications. An experi-
mental campaign was proposed for the corroboration of the
methodology, in which buckling and noncontact vibration tests were
performed. As well, a numerical investigation based on FE models is
proposed for evaluating the variation of the natural frequency up to the
vicinity of buckling allowing a study of the convergence of the VCT
method as the number of load steps and the considered maximum load
level are increased simultaneously.

During the experimental campaign, the first vibration mode was
measured for 8 axial load steps considering three internal pressure

levels and the unpressurized condition. The VCT estimations presented
a good correlation when compared to their respective experimental
result for the buckling load, once the deviations are within 4.03% and
9.98%. Moreover, the method provided better estimations of the
buckling load for the tests associated with greater values of the KDF. To
conclude, the VCT herein applied is a nondestructive experimental
procedure once the maximum axial load level considered during the
vibration tests is 72.34% of the linear buckling load for the test con-
sidering 0.03 bar of internal pressure.

Considering the numerical assessment, techniques for including
measured initial geometric imperfections and detailed boundary con-
ditions in the FE model previously validated for unstiffened cylindrical
shells were extended for the case of stiffened cylindrical shells. The
nonlinear buckling load is within 2.96% and 5.40% deviation of the
experimental results of the buckling load. Moreover, the numerical vi-
bration modes and natural frequencies results were analyzed through
an algorithm based on the MAC index. This procedure allows a high
density of load steps to be considered resulting in a good understanding
of the variation of the natural frequencies and vibration modes as re-
lated to the axial loading. The VCT method is employed for a numerical
assessment achieving a good correlation and a conservative con-
vergence when compared to the nonlinear buckling load. Moreover, the
internal pressure level increases the load level required for an estima-
tion within the defined tolerance.

The numerical study concludes that the VCT method applied to the
test specimen herein evaluated provides conservative results and show
a decreasing deviation from the nonlinear buckling load when the
number of load steps and the maximum load level are both simulta-
neously increased. These results could be reproduced prior to the
planning of a VCT test helping to define the maximum applied axial
load level and the number of load steps needed for a good estimation of
the buckling load.

Fig. 21. Variation of the deviation of the VCT estimation related to the maximum load step.
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Currently, the authors are addressing another experimental cam-
paign to extend the VCT methodology for composite unstiffened cy-
lindrical shells made of thin-ply laminates and considering in-plane
imperfections.
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Abstract: Thin-walled carbon fiber reinforced plastic (CFRP) shells are increasingly used in aerospace
industry. Such shells are prone to the loss of stability under compressive loads. Furthermore,
the instability onset of monocoque shells exhibits a pronounced imperfection sensitivity. The vibration
correlation technique (VCT) is being developed as a nondestructive test method for evaluation of the
buckling load of the shells. In this study, accuracy and robustness of an existing and a modified VCT
method are evaluated. With this aim, more than 20 thin-walled unstiffened CFRP shells have been
produced and tested. The results obtained suggest that the vibration response under loads exceeding
0.25 of the linear buckling load needs to be characterized for a successful application of the VCT.
Then the largest unconservative discrepancy of prediction by the modified VCT method amounted to
ca. 22% of the critical load. Applying loads exceeding 0.9 of the buckling load reduced the average
relative discrepancy to 6.4%.

Keywords: polymer composite; buckling; imperfection; vibration correlation technique; natural frequencies

1. Introduction

Carbon fiber-reinforced polymer (CFRP) composites possess highly competitive specific strength
and stiffness properties. Moreover, the properties of CFRP laminates can be tailored to the expected
loading conditions by optimizing their lay-up. The excellent strength-to-weight and stiffness-to-weight
ratios, combined with controlled anisotropy of mechanical properties, has ensured a widening
application of CFRPs. These characteristics of CFRPs are particularly beneficial in weight-conscious
sectors of industry, such as aerospace (see, e.g., [1,2]).

For thin-walled CFRP structures subjected to compressive service loads, the failure mode limiting
their load-bearing capacity is, typically, the loss of stability. Estimates of the buckling load based on an
idealized shell geometry and loading are known to be unconservative due to imperfection sensitivity of
the onset of instability, especially pronounced for monocoque (unstiffened) shells. In the design phase,
the effect of imperfections on the buckling load can be allowed for via a knock-down factor (KDF), i.e.,
the ratio of the actual critical load of imperfect shell, Pb, and the predicted buckling load of a perfect
shell, Pcr, estimated according to the linear bifurcation theory. Such empirical lower-bound KDFs for

Polymers 2020, 12, 3069; doi:10.3390/polym12123069 www.mdpi.com/journal/polymers

http://www.mdpi.com/journal/polymers
http://www.mdpi.com
http://dx.doi.org/10.3390/polym12123069
http://www.mdpi.com/journal/polymers
https://www.mdpi.com/2073-4360/12/12/3069?type=check_update&version=2


Polymers 2020, 12, 3069 2 of 18

cylindrical shells have been established in 1960s based on accumulated experimental data [3], and later
specified for anisotropic, laminated composite cylinders in axial compression [4]. An alternative
approach of determining KDF for conservative design is based on the nonlinear numerical modelling
of buckling in the presence of an assumed worst-case imperfection in the composite cylinder. Such a
worst-case situation can be presented by, e.g., an appropriately scaled linear buckling mode-shaped
imperfection, a geometric dimple-shaped imperfection, a single boundary perturbation, a single
perturbation load, axisymmetric imperfections, scaled mid-surface imperfections, or the membrane
stiffness reduction, as described in [5–9]. Since the characteristics of imperfections can be considered as
random variables [10], probabilistic methods are also applied in the shell buckling analysis, leading to
probabilistic design approaches [8–11]. Deterministic and probabilistic methods providing lower-bound
estimate of KDF ensure safe, but not necessarily efficient, design of shells.

The accuracy of buckling load prediction for an already produced shell can be further increased
using additional information on its specific individual characteristics obtainable by nondestructive
means of inspection. Imperfections in composite shells can be of geometrical, structural, material
nature, or related to loading of the shell. When an imperfection signature of a shell can be determined
in sufficient detail, a nonlinear numerical buckling analysis allowing for imperfections provides a close
estimate of the buckling load [12–15]. Notably, shells sensitive to geometrical imperfections also exhibit
sensitivity to load imperfections [16]. It precludes neglecting either group of imperfections, although
the relative contribution of different types of imperfections to facilitating the onset of instability
may vary [12,15,17]. The incorporation of measured initial geometric and thickness imperfections,
thickness-adjusted material property variations, measured loading imperfections, elastic radial support
conditions, and allowing for selected specimen parameter uncertainties (e.g., uncertainty in the
imperfection measurement accuracy, fiber and matrix properties, fiber volume fraction, etc.) in
shell models enabled an accurate prediction of the compression response of unstiffened thin-walled
graphite-epoxy cylindrical shells [13]. However, such a detailed characterization of a shell may appear
impractical in most industrial applications.

A viable alternative to measuring imperfections, with a subsequent numerical analysis of their
effect on stability, is the nondestructive testing of a shell. In this way, the integral effect of imperfections
on its eigenfrequencies is established and the buckling load is evaluated by the vibration correlation
technique (VCT). The VCT approach implies experimentally determining the reduction in the natural
frequency of a structural element with increasing compressive applied load and estimating the buckling
load based on such data. Simply-supported imperfection-insensitive structural elements, for which the
vibration and buckling modes coincide, exhibit a linear relation between the applied load P and the
first natural frequency f m squared (see., e.g., [18,19])

P
Pb

+

(
fm
f0

)2

= 1 (1)

where Pb is the buckling load and f 0 denotes the respective natural frequency at P = 0. Having measured
the variation of the natural frequency with load in the range of relatively low loads, Equation (1) can
be applied to estimating the buckling load as Pb = P at f m = 0. However, imperfection-sensitive plates
and shells exhibit a much steeper reduction in the natural frequency when the applied load approaches
the actual Pb than that implied by Equation (1), which leads to an unconservative prediction for the
buckling load.

A number of empirical and semi-empirical modified VCTs have been proposed to reflect the
effect of imperfections on the load–natural frequency relation of shells, as recently reviewed in,
e.g., [20–22]. The most accurate and extensively studied VCT method for unstiffened cylindrical shells,
proposed in [23], departs from the common approach of relating the onset of buckling to fading of
the natural frequency of the shell. Instead, it is suggested that buckling takes place when (1 − P/Pcr)2,
assumed to be a second-order polynomial function of 1 − (f m/f 0)2, reaches its minimum. A graphical
interpretation of the procedure is as follows [23]: the experimental load–natural frequency data are
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presented as a plot of (1 − P/Pcr)2 versus 1 − (f m/f 0)2, the data points are approximated by fitting a
second-order polynomial, the minimum value of this polynomial, ξ2, is found, and the VCT estimate
of the buckling load PVCT is obtained from the equality 1 − PVCT/Pcr = ξ. The described approach
has also been validated numerically [24], although only considering one specific imperfection group,
namely, geometrical imperfections.

This VCT method has been applied for estimation of the buckling load in axial compression of
CFRP shells of various lay-ups [21,23,25–28], including a variable-angle tow CFRP shell [28], as well
as grid-stiffened glass/epoxy [29], composite lattice sandwich [22], stainless steel [26] and aluminum
alloy [30,31] shells. Apart from a pure axial loading, the critical load for pressurized aluminum alloy
shells [31] has also been studied. Notably, a numerical simulation of the experimental VCT procedure
of shells, implementing either real measured imperfections or appropriate assumed imperfections in
the shell model, has also produced encouraging results [32].

Each of the methods for estimating the critical load discussed above has its specific advantages
and conditions of application. In the design stage, the buckling load of a shell can be evaluated
only by the KDF approach, either based on accumulated data [3,4] or a worst-case imperfection
analysis [5–11]. Since a lower-bound estimate of KDF is determined in this way, the critical load is
underestimated, leading, possibly, to overdesigning of the shell. When an actual shell is produced,
its imperfection signature can be determined, or vibration tests conducted, in order to characterize the
specific shell. The advantage of imperfection characterization with a subsequent numerical modelling
of instability onset [12–15] is that no mechanical tests of the shell are needed. However, a sufficiently
detailed characterization of shell imperfections may be overly complicated in industrial applications.
The advantage of VCT is that only a relatively uncomplicated nondestructive mechanical test of a shell
is required [20–31] instead of a detailed inspection of different imperfections of the shell. However,
the boundary conditions of the structural element have to be accurately recreated in the shell test.
Another limiting factor of applying the VCT is disappearing of the monitored mode shapes, sometimes
observed at increasing load levels [28].

Evaluation of the applicability of VCT [23] has not been conclusive yet, partially due to
rather limited testing programs—only a few monocoque CFRP shells were tested in each of the
studies [21,23,25–28]. Although most works report close conservative estimates of the buckling load
by the VCT, overestimations are also revealed in some studies, e.g., in [27], where buckling loads
nonconservative by about 5 and 8% were found by the VCT for the two cylinders tested. Therefore,
a more extensive testing appears necessary to elucidate the accuracy and robustness of the VCT.

With such an aim, a wider test program has been initiated; in the current study, 21 cylindrical
CFRP shells of the same lay-up, but four different diameter and height combinations, have been
produced and tested. Their response has been analyzed by means of the VCT technique [23] and by an
empirical modification of the latter. The contribution of the present study to the experimental and
analytical development of VCT comprises:

- presenting results of one of the largest test programs to-date concerning the application of VCT
for evaluating the axial buckling load of unstiffened cylindrical CFRP shells;

- proposing an empirical modification of the existing VCT analysis that increases the accuracy of
estimates of the buckling load;

- evaluating the robustness of VCT with respect to variations in shell geometry, mounting and
loading methods, and the preload.

The results obtained suggest that the vibration response from the unloaded state of the shell up to
loads exceeding 0.25 of the linear buckling load needs to be characterized to enable a reliable VCT
prediction. The largest discrepancy in overestimation of the critical load by VCT was limited to about
22% when the modified VCT method was applied using the load range mentioned. The accuracy of the
VCT was found to be virtually insensitive to shell geometry, the method of load introduction, and the
absence of natural frequency data for the unloaded shell.



Polymers 2020, 12, 3069 4 of 18

2. Empirical VCT Techniques

The VCT method for unstiffened cylindrical shells proposed in [23] assumes the relation between
the natural frequency f m of the shell and the applied compressive load P in the form (see also [21,28])

(1− p)2 = C2
(
1− f 2

)2
+ C1

(
1− f 2

)
+ C0 (2)

where p denotes the applied load normalized by the linear buckling load, p = P/Pcr, and f = f m/f 0 is the
ratio of natural frequencies of the shell under an axial load and in the load-free condition. The onset of
instability is related to (1− p)2 reaching its minimum, i.e., the first derivative of the function Equation (2)
with respect to its argument 1 − f 2 being zero,

d(1− p)2

d(1− f 2)
= 0 (3)

and the second derivative being positive. It follows from Equations (2) and (3) that

Min
[
(1− p)2

]
= ξ2 = C0 −

C2
1

4C2
(4)

and C2 > 0. In Equation (4), ξ is interpreted as the reduction in the load-carrying capacity of a shell due
to the presence of imperfections. Finally, the VCT-predicted critical load is

PVCT = Pcr (1− ξ) (5)

The functional form of Equation (2), with C2 = C0 =1 and C1 = −2, has been noted to comply with
that of a perfect simply supported shell given by Equation (1), and Equation (3) shown to provide a
correct buckling condition of f m = 0 in such a case [24]. A similar derivation for a clamped shell has
been performed in [32].

A comparison of applications of this VCT based on monitoring the reduction of each of the
first four natural frequencies revealed that using the lowest natural frequency in Equation (2)
produced the most accurate prediction for the buckling load [28]. The prediction accuracy was
also found to generally improve when experimental data of f m vs. P for greater P/Pb ratios were
used, as expected. The VCT-predicted and experimental KDFs for the highest load levels used in
each of the studies [21,25–31] are presented in a parity plot in Figure 1a. Specifically, for CFRP shells,
the maximum loads in these VCT studies amounted to P/Pb = 0.81 . . . 0.98 [21,25–28], whereas for
metal shells, they were P/Pb = 0.54 . . . 0.99 [26,30,31].

Figure 1. Application of vibration correlation technique (VCT) [23] to monocoque shells: (a) Parity plot
of VCT-predicted vs. experimental knock-down factors (KDFs); (b) VCT-predicted KDF as a function
of the relative length parameter of shell (the dashed lines indicate the composite shell geometries
considered in the present study).



Polymers 2020, 12, 3069 5 of 18

Further, a wide range of cylinder geometries, as characterized by the relative shell length parameter
ω = H/

√
R·t [33], expressed via cylinder height H, radius R, and wall thickness t, has been covered in

the tests, Figure 1b. A very close correlation between the KDFs determined by buckling tests and by the
VCT is seen in Figure 1a, with the most conservative VCT-predicted buckling load PVCT amounting to
about 76% of the experimental critical load and the most unconservative PVCT exceeding Pb by ca. 8%.

Such a good predictive capacity is likely to stem from correctly capturing the phenomenology of the
underlying physical mechanism of instability by this VCT method. Experimental studies (see, e.g., [20,23])
have indicated that shell buckling is preceded by a swift transition from the gradual reduction in the
natural frequency with increasing load to a rapid drop of frequency. This has also been demonstrated by
a theoretical modelling of vibrations of imperfect shells, which allowed constructing load–eigenfrequency
diagrams up to the critical load [34]. Notably, instability criterion Equation (3) can also be interpreted as
marking the onset of a rapid change in the natural frequency, d f /dp→∞ or, equivalently, dp/d f → 0 .
Indeed, elementary transformations of the left-hand side of Equation (3) yield

d(1− p)2

d(1− f 2)
=

d(1−p)2

dp dp

d(1− f 2)
d f d f

=
1− p

f
dp
d f

, (6)

demonstrating that meeting the instability condition Equation (3) also implies that dp/d f = 0.
Since the form of the right-hand side of Equation (2) has been arrived at empirically [23], it appears

plausible that similar functions with this property can be used to locate the instability onset. We consider
an empirical modification of Equation (2) employing a second-order polynomial of 1 − f :

(1− p)2 = c2 (1− f )2 + c1(1− f ) + c0 (7)

Then, the minimum value of (1 − p)2 as a function of 1 − f is given by

ξ2 = c0 −
c2

1

4c2
(8)

at c2 > 0, and the predicted buckling load is determined by Equation (5) using the value of ξ from
Equation (8). It can be easily checked that

d(1− p)2

d(1− f )
= 2(1− p)

dp
d f

(9)

i.e., the condition dp/d f = 0 holds at the critical load.

3. Materials and Methods

In the following subsections, the material and the manufacturing method of shells are described,
the methods for mounting of shells in the test rig are defined, and procedures for determining the shell
thickness, buckling load, and vibration response are presented.

3.1. Material

A unidirectional carbon fiber/epoxy prepreg Unipreg® (UNICARBON®, produced in Kaunas,
Lithuania), with a 100 g/m2 nominal areal density, was used for manufacturing of cylindrical composite
shells. Two batches of nominally identical prepregs were obtained from the producer in consecutive
separate shipments. For clarity and traceability, the letter N was included in identifiers of the shells
made using prepreg of the latest batch.

The elastic properties of a unidirectionally reinforced (UD) composite produced from the prepreg
are presented in Table 1.
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Table 1. Elastic properties of a Unipreg® UD composite [25].

Longitudinal Young’s
Modulus E11, GPa

Transverse Young’s
Modulus E22, GPa In-Plane Shear

Modulus G12, GPa
Poisson’s
Ratio ν12Tension Compression Tension Compression

116.4 91.7 6.7 6.4 3.6 0.34

3.2. Manufacture of Shells

Three-ply cylindrical shells of lay-up [0/45/−45] (angles were measured with respect to the cylinder
axis, starting from the innermost ply) were produced by hand lay-up using steel mandrels. The shells
were consolidated by means of vacuum bagging and cured at elevated temperatures. The cure cycle
consisted of subjecting the shells to an 80 ◦C temperature for 1 h followed by 3 h at 130 ◦C. In this way,
shells of nominal diameter D = 100 mm and two different heights, H = 200 and 400 mm, as well as
shells with D = 300 mm and H = 150 and 300 mm, were manufactured.

3.3. Tests

3.3.1. Characterization of Shell Thickness

The variation of thickness for each shell was determined by an ultrasonic technique. To enable an
efficient scanning of cylinders, a Hilgus USPC 3010 HF equipment (Hillger NDT GMBH, Braunschweig,
Germany) was modified to replace the y-coordinate drive by a rotational drive. A support frame for
cylinders was made of an aluminum profile system with front and rear axles, a lathe chuck on the drive
end, and a PLA6 cone passive end. During ultrasonic scanning, the cylindrical shells were supported
on machined foam end plates.

3.3.2. Shell Buckling Tests

A universal Zwick 100 quasi-static testing machine (Zwick GMBH, Ulm, Germany) was used for
axial compression tests of the composite cylinders.

Two methods of load introduction, shown schematically in Figure 2, were applied. The majority
of the cylinders were tested employing horizontal parallel steel plates, with a compression plate rigidly
bolted to the machine crosshead, Figure 2a. The loading was displacement-controlled, at a rate of
1 mm/min. The load was measured by a single load cell located between the loading plate and the
respective crosshead of the loading frame, while the shortening was determined as the average of
readings of three LVDTs placed around the shell at 120◦ angular intervals.

Figure 2. Schematic of the setup for compression tests of composite cylinders: (a) Testing by means
parallel loading plates; (b) Testing using a hemispherical joint.
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The rest of specimens were tested as shown schematically in Figure 2b. Specifically, a hemispherical
joint was installed on the bottom plate, enabling rotation of the supporting plate, thus eliminating
bending moments and, hence, promoting self-alignment of the cylinder axis with the loading direction.
For this loading set-up, the shortening of specimens was measured via the crosshead displacement.

Edges of the 100-mm-diameter shells were mounted between parallel steel rings, in 8 mm deep
circular grooves with a V-shaped cross section, which were filled with a mixture of epoxy resin and
fine sand, as schematically presented in Figure 3a. Specimens with such a mounting were tested either
employing a hemispherical joint, Figure 2b, or placing them between the parallel steel plates of the
test machine.

Figure 3. Schematic of the mounting of composite cylinders: (a) In the groove of a steel ring; (b) Potting
onto plates of the test machine. Dimensions in the figure are in mm.

The top and bottom edges of the 300-mm-diameter shells were both clamped by aluminum rings
from the inside and potted with an epoxy mortar containing fine sand and slag, Figure 3b. The shells
were mounted directly unto the loading plates, as shown in schematic Figure 2a, filling the narrow gaps
between the specimen and the plates by a fast-curing alumina powder-filled vinyl ester resin in order
to mitigate the effects of contact surface unevenness, which would result in loading imperfections.

The buckling mode shapes of the cylinders were captured photographically.

3.3.3. Characterization of Vibration Response

The natural frequencies and vibration modes were determined using a Polytec laser vibrometer
(Polytec GMBH, Waldbronn, Germany); the test setup is shown in Figure 4.

Figure 4. Test setup for characterization of the vibration response of a carbon fiber-reinforced polymer
(CFRP) cylinder: (a) Overview of the experimental setup with a specimen installed between loading
plates; (b) Placement of the loudspeaker for excitation of vibrations.

A grid of points distributed on a small area of the cylinder was scanned. The area with 600 grid
points for scanning was found to yield a sufficiently detailed modal response. For excitation of
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vibrations, a loudspeaker was used. It was placed perpendicularly to the measurement zone on the
opposite side of the specimen, Figure 4b. The measurements were conducted within the frequency
range from few hundreds of Hz, well below the lowest natural frequency, to ca. 1600 Hz to ensure that
more than ten first natural vibration modes were covered. The vibration response was characterized at
9 to 18 load levels, ranging from the unloaded state to more than 90% of the buckling load.

4. Results and Discussion

4.1. Buckling Loads and Modes

Axial compression tests of CFRP cylinders were performed as described in Section 3.3.2, and the
load–shortening diagrams obtained are presented in Figure 5.

Figure 5. Load–shortening diagrams of cylinders with dimensions: (a) D = 100 mm and H = 200 mm;
(b) D = 100 mm and H = 400 mm; (c) D = 300 mm and H = 150; (d) D = 300 mm and H = 300. Results
of tests employing a hemispherical joint are plotted by dashed lines, for parallel plates—by solid lines.

The largest number of cylinders tested had a diameter of 100 mm and height of 200 mm; they were
produced from the same prepreg batch and shared the same mounting technique. The specimens were
tested either employing parallel loading plates, as shown schematically in Figure 2a, or a hemispherical
joint (Figure 2b). It is seen in Figure 5a that the loading method markedly affected the apparent
stiffness and the instability onset of shells. Specifically, the specimens tested using a hemispherical
joint (Cyl. 1 and 2) exhibited lower apparent stiffness and buckled at lower loads than the nominally
identical specimens (Cyl. 3 to 9) placed between parallel loading plates. The critical load data obtained
are presented in Table 2. The variability of the apparent stiffness among the specimens sharing the same
load introduction method is likely to be caused by fiber alignment and potting geometry variations,
as well as by the scatter in shell thickness.

For shells of the same 100-mm diameter but a larger height of 400 mm, an additional factor
of variability was manufacturing the specimens from two batches of a nominally identical prepreg
material. The letter N in the cylinder number is used to identify the shells made from prepreg of
the latest batch. In this case, the apparent stiffness and critical load of the cylinders tested using a
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hemispherical bearing (Cyl. 1 to 3 in Figure 5b) also appeared to be consistently lower than that obtained
via parallel-plate tests (Cyl. 4N to 6N). Since this trend held both for single-batch shells, Figure 5a,
and for shells produced from different batches, Figure 5b, we tentatively conclude that variations in
the prepreg properties between these batches, if any, can be neglected in the buckling analysis.

Table 2. Buckling loads of CFRP shells.

Shell Geometry
Load Introduction Critical Load Pb, kN

Diameter D, mm Height H, mm Wall Thickness t, mm

100
200

0.294 (0.001) 1 Hemispherical joint 3.05 (0.21) 1

0.273 (0.010) Parallel plates 3.65 (0.49)

400
0.298 (0.005) Hemispherical joint 2.97 (0.39)
0.355 (0.019) Parallel plates 4.96 (0.29)

300
150 0.359 (0.014) Parallel plates 5.63 (0.21)
300 0.336 (0.046) 3.88 (0.51)

1 Standard deviation.

The shells of 300-mm diameter were produced from prepregs coming from either of the two
batches, but mounted and tested in the same way. The load–shortening diagrams in Figure 5c,d suggest
that the prepreg batch used for specimen production had no apparent systematic effect on either the
buckling load or the apparent stiffness of shells.

The buckling modes of shells can be discerned in the photographs in Figure 6.

Figure 6. Buckling modes of cylinders with the following dimensions: (a) D = 100 mm and H = 200 mm;
(b) D = 100 mm and H = 400 mm; (c) D = 300 mm and H = 150; (d) D = 300 mm and H = 300.
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4.2. Vibration Spectra and Modes

The application of VCT implies identification of the first (or one of the lowest) natural frequency
of a shell and experimentally determining the reduction in this frequency with increasing compressive
load. With this aim, the natural frequency spectra of the shells were measured as described in
Section 3.3.3, starting from load-free conditions. An exception was the cylinders tested using a
hemispherical joint, see the schematic in Figure 2b. For these specimens, a small controlled compressive
load Pmin (in the range of 0.14 to 0.25 kN) was applied instead of P = 0 to reliably fix the specimen in
position when characterizing the initial natural frequency spectrum. Typical spectra for the shells of
each geometry considered are shown in Figure 7. Vibration characteristics of the shells are seen to
differ, as expected, reflecting differences in their geometry. The lowest eigenfrequency of each of the
cylinders was determined from the relatively densely populated low-frequency part of the spectrum.

Figure 7. Typical natural frequency spectra of unloaded cylinders of dimensions: (a) D = 100 mm and
H = 200 mm; (b) D = 100 mm and H = 400 mm; (c) D = 300 mm and H = 150; (d) D = 300 mm and
H = 300.

Vibration mode shapes for the first natural frequency are presented in Figure 8. The vibration
modes obviously differed from the shell buckling modes seen in Figure 6, as expected for thin-walled
unstiffened cylinders. For all the shell geometries considered, the first vibration mode exhibited one
longitudinal half-wave, n = 1, while the number of circumferential half-waves, m, depended on shell
geometry. The circumferential half-wave number was estimated as in [28], by measuring the angular
size ϕ of a single half-wave and evaluating the integer part of the ratio 360◦/ϕ. The characteristics (m, n)
obtained from mode shapes captured by vibrometer, Figure 8, where as follows: (12, 1) for 200-mm and
(6,1) for 400-mm height cylinders with a 100-mm diameter; (32, 1) for 150-mm; and (22, 1) for 300-mm
height cylinders with 300-mm diameter. No change in the half-wave numbers (m, n) was observed
with increasing load.

The experimentally determined variation of the natural frequency with compressive load is shown
in Figure 9 (the data are plotted by markers, whereas the lines are only meant as a guide to the eye).
Notably, for each shell geometry, the cylinders with higher buckling loads also tended to have higher
natural frequencies. For example, specimens Cyl. 4 and 5, exhibiting the highest buckling loads for the
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shells with H = 200 and D =100 mm, also possessed the highest first natural frequencies (Figure 9a);
Cyl. 3 with the lowest buckling load of cylinders with H = 300, D = 300 mm dimensions also had the
lowest eigenfrequency among them (Figure 9d).

Figure 8. Mode shapes corresponding to the first natural frequency of unloaded cylinders of dimensions:
(a) D = 100 mm and H = 200 mm; (b) D = 100 mm and H = 400 mm; (c) D = 300 mm and H = 150;
(d) D = 300 mm and H = 300.

However, this is a tendency rather than an exact equivalence of specimen rankings in terms of the
bucking load and eigenfrequency magnitude. So, among the shells with H = 400 and D = 100 mm,
the specimens Cyl. 4N to 6N (loaded by parallel plates) had considerably higher buckling loads
than Cyl. 1 to 3 (tested using a hemispherical joint), and this distinction also held for eigenfrequency
magnitudes (Figure 9b). By contrast, the ranking of specimens in terms of the buckling load and
natural frequency within each of these two subgroups did not coincide exactly.

The coefficient of correlation between the critical loads and the lowest eigenfrequencies for the
unloaded shells with D = 100 mm amounted to 0.73 (H = 200 mm) and 0.67 (H = 400 mm), whereas
for the shells with D = 300 mm, it was 0.97 (H = 300 mm) and 0.40 (H = 150 mm). Such a correlation
apparently originates from the sensitivity of both the buckling load and the first natural frequency
to imperfections and boundary conditions of thin-walled shells. It has been shown (see, e.g., [34])
that the presence of geometrical imperfections in shells reduce not only the critical load, but also
the frequency of the lowest vibration mode. The sensitivity of the lowest eigenfrequency to actual
boundary conditions has been used to evaluate the equivalent elastic restraints of shell edges in order
to enable a more accurate prediction of the buckling load [18,23]. Stiffer restraints, naturally, also lead
to greater critical load and natural frequency.

It is seen in Figure 9 that the reduction in the first natural frequency of cylinders under an
increasing compressive load P is, in general, initially smooth under low loads, apart from a few cases.
Namely, for Cyl. 6N (Figure 9b), the natural frequency in the unloaded state was actually lower than
at low loads. Such an effect has also been reported before [28]. Conversely, for Cyl. 7 (Figure 9a)
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and Cyl. 4N (Figure 9b), the drop in frequency at the first loading step was markedly larger than the
subsequent, smoother reduction of f m at further load steps. Such an irregularity in the frequency
response of these shells in the nominally unloaded state is likely to be caused by an interaction of
the actual boundary conditions at P = 0 [21] and the stress state in the shells introduced by potting.
The magnitude of such stresses was not assessed in the present work, but, notably, prestresses in
cylindrical shells due to a minor mismatch of the shell and mounting ring geometry have been
evaluated [11] and found to be capable of affecting the numerically estimated instability onset.
The measured load-free spectra of the shells mentioned were excluded from a further VCT analysis,
and the values of f 0 were replaced by those obtained at the smallest non-zero axial load.

Figure 9. Reduction of the natural frequency due to the axial compression for cylinders of dimensions:
(a) D = 100 mm and H = 200 mm; (b) D = 100 mm and H = 400 mm; (c) D = 300 mm and H = 150;
(d) D = 300 mm and H = 300. The results of tests employing a hemispherical joint are plotted by the
dashed lines, and for parallel plates—by the solid lines.

4.3. VCT-Based Prediction of the Critical Load

The linear buckling loads of shells needed for a VCT analysis were estimated by the respective
finite-element models generated employing the ANSYS©Mechanical finite element analysis software.
Linear elastic FEM analyses of cylindrical shells lacking any imperfections were performed using
SHELL281 elements. The elasticity characteristics of UD plies reported in Table 1 were employed
in calculations; the values of Young’s moduli as determined in compression tests were used.
For 300-mm-diameter cylinders, exhibiting relatively large scatter in wall thickness t among shells
(the coefficient of variation being ca. 0.2), the experimentally determined t value for each shell was
implemented in the FEM model. For 100-mm-diameter cylinders, possessing smaller thickness scatter,
the average value of ply thickness of 0.104 mm was used. Clamped boundary conditions were applied
as follows: on the bottom edge of the shell, the condition of all edge displacement and rotation
components being equal to zero was imposed. The boundary conditions of the upper edge differed
only in that the vertical displacement of the edge nodes, equal for all the nodes, was applied to model
the displacement-controlled axial compressive loading.

The predicted buckling loads PVCT, derived using the whole range of load–eigenfrequency data
obtained and their relative deviations δ = |1− PVCT/Pb| from the experimental ones are presented in
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Table 3. For the ease of reference, the VCT method [23] using Equation (2) for fitting the load–frequency
data is further denoted by M1 and its empirical modification using Equation (7)—by M2. The largest
deviation of VCT prediction by both the methods, ca. 35%, is seen for the specimen that was subjected to
the lowest relative maximum load P/Pb = 0.65. For the rest of cylinders, vibration tests to higher relative
maximum loads were performed, and the accuracy of the VCT-derived critical load estimates improved,
as expected. Specifically, when eigenfrequency data up to P/Pb ≥ 0.87 were used, the maximum
deviation of PVCT was 29% for M1 method and 16% for M2. The average relative error of prediction by
the method M2, amounting to 6.4%, was also lower than that by M1, 9.7%. Thus, the maximum and
mean deviations of the VCT-predicted buckling load were both smaller for the empirical method M2.

Table 3. Comparison of experimental and VCT-predicted buckling loads.

Cylinder
Diameter and
Height, mm

Loading Cylinder
Number

Buckling
Load Pb, kN

Load Range in
Vibration Tests

VCT-Predicted Buckling Load

M1 M2

Min.
P/Pb

Max.
P/Pb

PVCT,
kN

Relat.
Error
δ, %

PVCT,
kN

Relat.
Error
δ, %

D = 100
H = 200

Hemi-
spherical joint

01 3.20 0.05 0.97 3.61 12.9 3.34 4.5
02 2.90 0.05 0.99 3.40 17.4 3.17 9.3

Parallel plates

03 3.35 0 0.93 3.50 4.7 3.26 2.5
04 4.24 0 0.94 4.26 0.4 4.03 5.0
05 4.42 0 0.89 3.95 10.5 3.85 12.8
06 3.29 0 0.94 3.41 3.7 3.2 2.6
07 3.55 0.09 0.93 3.87 9.1 3.59 1.2
08 3.50 0 0.95 4.17 19.3 3.77 7.7
09 3.19 0 0.95 3.19 0.2 3.07 3.5

D = 100
H = 400

Hemi-
spherical joint

01 3.15 0.08 0.97 4.08 29.4 3.66 16.2
02 3.23 0.04 0.99 3.43 6.3 3.27 1.2
03 2.52 0.08 0.96 3.04 20.8 2.83 12.4

Parallel plates
04N 4.67 0.08 0.93 4.77 1.9 4.48 4.2
05N 4.96 0 0.88 4.91 0.9 4.51 9.0
06N 5.26 0.10 0.95 4.9 6.8 4.92 6.4

D = 300
H = 150

Parallel plates
02 5.61 0 0.87 4.8 14.4 4.84 13.8

04N 5.85 0 0.98 6.49 11.0 5.84 0.1
05N 5.44 0 0.92 6.0 10.4 5.22 4.0

D = 300
H = 300

Parallel plates
03 3.29 0 0.65 2.14 34.9 2.15 34.6

04N 4.24 0 0.97 4.57 8.0 4.27 0.7
05N 4.11 0 0.89 3.84 6.5 3.71 9.8

The critical loads predicted by both methods appear to correlate rather closely, as seen in Figure 10
presenting the ratio of VCT-estimated and experimental buckling loads, PVCT/Pb, for M2 as a function of
that for M1. Such a correlation is likely to stem from the same implicit underlying criterion of instability,
dp/d f = 0, shared by both methods, as demonstrated in Section 2. However, M2 produced more
conservative estimates of the critical load than M1, and that feature became particularly pronounced for
PVCT/Pb > 1, i.e., when the critical load was overestimated by the VCT. As can be inferred from Figure 10
and Table 3, PVCT predicted by M1 deviates by no more than−14 to 29% from the experimental buckling
load, while for prediction by M2, the deviation is within the range of −14 to 16%, when vibration data
up to the maximum load P/Pb ≥ 0.87 are used.
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Figure 10. Ratio of VCT-estimated and experimental buckling loads, PVCT/Pb, for method M2 as a
function of that for method M1, using the maximum load P/Pb ≥ 0.87 in vibration tests.

Notably, both VCT methods tend to slightly underestimate the critical load for shells with large
experimental KDF values, as seen in Figure 11. It follows from the previous research, Figure 1a,
and present results, Figure 11a, that M1 yields a conservative prediction for the experimental KDF
exceeding about 0.65. For M2, the data in Figure 11b suggest that the transition to a conservative
prediction takes place at a slightly lower KDF of ca. 0.55. Such a feature of the VCT-predicted critical
loads appears beneficial for shells with a high fabrication quality leading to a high KDF, as would
be expected in the aerospace sector. For such high-quality shells, the VCT provides not only close,
but also conservative buckling load estimates.

Figure 11. VCT-predicted knock-down factor, using maximum load in vibration tests P/Pb ≥ 0.87, as a
function of the experimental KDF for VCT method: (a) M1; (b) M2.

Both the VCT methods considered are robust to using either the natural frequency of an unloaded
specimen or of a specimen loaded with a small axial force P ≤ 0.1Pb as the starting point f 0 for
characterization of the natural frequency dependence on the axial load: the corresponding mean values
of δ were 7.5 and 13.1% for M1, and 6.0 and 6.9% for M2 at P/Pb ≥ 0.87. This is in agreement with
a previous finding that the VCT prediction by M1 is not affected by the absence of data for the first
natural frequency of an unloaded shell [21]. Similarly, the geometrical characteristics of the tested
cylinders have little effect on the prediction accuracy, Table 4.

Table 4. Accuracy of VCT prediction (at maximum P/Pb ≥ 0.87) as a function of cylinder geometry.

Relative Length Parameter of Shell

ω=H/
√

R·t
Mean Relative Error of Prediction δ, %

M1 M2

21 11.9 6.0
42 7.3 5.3
54 8.7 5.5
99 11.0 8.2
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Method M2 is also virtually robust with respect to variations in the mounting and loading methods
of specimens, as demonstrated by the minor difference in the average accuracy of prediction among
the three combinations of shell edge support and load introduction methods, Table 5.

Table 5. Accuracy of VCT prediction (at maximum P/Pb ≥ 0.87) for different loading and boundary
conditions of cylinders.

Loading and Boundary Conditions
Mean Relative Error of Prediction δ, %

M1 M2

Steel ring, hemispherical joint 17.4 8.7
Steel ring, parallel plates 5.8 5.5

Potted, parallel plates 10.1 5.7

For eventual practical applications of VCT, it is of interest to consider the maximum axial load
to be used for evaluating the reduction of the natural frequency in terms of the linear buckling load
Pcr. Analyzing the incremental evolution of the VCT-predicted critical load as a function of the axial
load, natural frequency variation up to which is used in VCT analysis, PVCT = PVCT(P), spurious
results were obtained for some of specimens at relatively low numbers of loading steps and, hence,
at low P values. The minimum number of load–frequency data points allowing the evaluation of
the parameters of VCT relations Equations (2) and (7) is, naturally, equal to the number of equation
parameters, namely, three. They correspond to the unloaded state of the shell and two subsequent
loading steps. Using such a limited dataset in the analysis occasionally led to physically unreasonable
results, such as a negative predicted buckling load, PVCT < 0, or ξ 2 < 0 (as calculated by Equation (4)
or (8)), which eventually disappeared when a greater number of load steps, corresponding to a higher
load, were used. These findings apparently agree with the suggestions concerning load steps [28]
and the maximum load level [21] in vibration tests. It is recommended to use a greater number of
experimental points, at least 15 [28], to reach a reliable buckling prediction by the VCT. However,
increasing the maximum load level was found to be even more effective for reducing the deviations δ
than the number of load steps [21]. Based on the current dataset, we selected a cut-off load level at
P/Pcr = 0.25, starting from which to consider the accuracy of VCT. This corresponded to at least four to
seven load levels in vibration tests. The predicted buckling load PVCT/Pb as a function of the highest
axial load used in vibration tests, expressed as a fraction of the linear buckling load, P/Pcr, is shown in
Figure 12 for all the specimens tested.

It is seen that, for both VCT methods considered, the lower bound of the normalized predicted
buckling load PVCT/Pb increased almost linearly with the maximum load used in vibration tests
(the dotted lines in Figure 12), approaching unity at P/Pcr = 0.65 for method M1 and 0.9 for method
M2. By contrast, the upper bound of the predicted buckling load data had no clear dependence
on the axial load up to P/Pcr ~ 0.6 for M2, the greatest overestimation of the experimental buckling
load being PVCT/Pb = 1.22 (the dashed line in Figure 12b). Similarly, method M1 overestimated the
experimental buckling load by, at most, the factor of PVCT/Pb = 1.33 for P/Pcr > 0.3, as marked by the
dashed line in Figure 12a. It can be inferred from these results that, for the VCT-predicted buckling
load, a knock-down factor of about 0.81 has to be applied if M2 is used on load–eigenfrequency data
up to loads P ≥ 0.25 Pcr, whereas an even smaller knock-down factor or a larger load range is needed
for M1.
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Figure 12. Predicted buckling load PVCT/Pb as a function of the highest axial load used in vibration
tests, P/Pcr, for P/Pcr > 0.25, using the VCT method: (a) M1; (b) M2.

5. Conclusions

The vibration correlation technique for nondestructive evaluation of the critical load of thin-walled
imperfection-sensitive shells has been applied for prediction of the buckling load of CFRP cylinders.
The buckling loads in axial compression have been determined experimentally for 21 unstiffened
cylindrical CFRP shells with identical lay-ups, four different geometries, two shell mounting techniques,
and two load introduction methods. The modal behavior of the CFRP cylindrical shells under axial
compression was investigated by exciting the vibrations by a loudspeaker, thus determining the
variation of the first natural frequency of vibrations with the applied load.

It was found that the prediction accuracy of the buckling load using either VCT approach proposed
by Arbelo at al. [23] or its empirical modification was virtually insensitive to shell geometry and
mounting and loading methods. Moreover, the VCT methods also appeared robust with respect
to a lack of natural frequency data for an unloaded shell, caused, e.g., by the need for a preload to
reliably fix the shell in the test rig. Both VCT methods tended to slightly underestimate the critical
load for shells with relatively large experimental KDF values thus providing not only close, but also
conservative estimates of the limit load for high-quality shells.

The modified VCT method yielded an average relative error of prediction of 6.4% when natural
frequencies at loads exceeding ca. 0.9 of the buckling load were used. Upon reframing the VCT results
in terms of the critical load of a perfect shell, it appeared that the vibration response under loads
exceeding 0.25 of the linear buckling load enabled a successful application of VCT, but a knock-down
factor of ca. 0.81 had to be applied. Further elaboration of the VCT approach is warranted to reduce
the load range needed for eigenfrequency monitoring and to increase the prediction accuracy of the
buckling load.
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